Software Verification with Satisfiability Modulo Theories FLOLAC 2017

Suggested Solutions #1

[Compiled on September 5, 2017]

1. Use the semantic method to argue the validity of the following > g-formulae, or identify a
counterexample (a falsifying Tr-interpretation).

(a) flz,y) = fly,z) = fla,y) = f(y,a)
(b) flg(=)) =g(f(@) A flg(f() =z A fly)=2—g(f(z)) =2

Solution.
(a) There is a falsifying interpretation where f(m,n) = m" for all m,n € N, x = 2,
y=2,and a = 3.

(b) Assume there is an interpretation M such that M ¥~ f(g(z)) = g(f(z))Af(g(f(y))) =
A fly) =z — g(f(x)) = . Then,

LM OE o) = g(f@) A Fe(f W) = A fly) =

2 M g(f(r) =z

3.M E fly) =2 (by 1)

4. M E g9(f(y) =gx) (by 3 and function congruence)
5. M E f(9(f(y)) = flg(x)) (by 4 and function congruence)
6. M E flg(fy)) == (by 1)

..M E flg@)=flg(f(y)) (by 5 and symmetry)

8. M E f(9(x) == (by 6, 7 and transitivity)

0. M £ o) = g(f()) (by 1)

10. M | g(f(z) = f(9()) (by 9 and symmetry)

11. M E g(f(x) == (by 10, 8 and transitivity)

Since we find a contradiction, the formula is Tg-valid.

O

2. Given the following 3 x 3 grid, we would like to find a way to fill the grid with numbers
from 1 to 9 such that

e summations of every row, every column, and every diagonal are the same, and

e each number can appear only once.

Try to write an SMT formula such that the way exists if the SMT formula is satisfiable.




Solution. Let x;; denote the number in the cell at i-th row and j-th column. Assume
that there is a sum sum. Each number can be from 1 to 9.

/\ ( \/ xi; =k) (Range)

i={1,2,3},j={1,2,3} 1<k<9

Summations of every row, every column, and every diagonal are the same.

(A1§i§3(+1§jg3$¢,j = sum))
A (Ai<j<a(Ticicsmij = sum)) (Bqual)
A (/\ie{173} (T1i + 222 + T34-; = sum))

FEach number can appear only once.

/\ ((Z =nA j = m) \ (mi,j 7é xn,m)) (DiStiIlCt)

1<i,5,n,m<3

Then, we can find a solution if the SMT formula Range A Equal A Distinct is satisfiable.
O

. Apply the decision procedure for T to the following Y p-formulae. Provide a level of
details as in slides.

(a) f(z,y) = f(y.2) A fla,y) # f(y,a)
(b) f(g(z)) =g(f(@) A f(g(f(y) =z A fly) =z Ag(f(z)) #2
(c) f(f(f(a)) = f(f(a)) AF(f(f(f(a)) =aA f(a)#a
(d) p(@) A f(f(2) =2 A f(f(f(@)) =2 A-p(f(2))
Solution.
(a)
{{a}’ {x}v {y}7 {f(xa y)}7 {f(y, iL‘)}, {f(aa y)}? {f(yv a)}}
Hak et Ay A f (@ 0), fy, o) L {f ()} {f(y,a) bt (Flzy) = fy, 7))
Tg-satisfiable
(b)

Hed Ayh {7 @)} L@} {F W) {F(9(@) ) {g(f (@)} {g(F ()} {F (9(F () )}
(fg(@)) = g(f(x)))
e vk {7 @)} g(@) ) {F W)} (9(2)), 9(F (@)} {g(F ()3 {F (9(F ()3}

(flg(f(y)) =)
{{:Ir(,sz(g)(f(y)))) Avh Af@) A g@) L {f)) {f(9(), 9(f(2)} {g(f(w)}}
y) ==

Ha, fa(f W), F(w) ) Ay {f (@)}, {g(@)}, {f(9(2)), 9(f ()}, {g(f(v))}}

(function congruence)

e, fg(fW), f(y), f(g(x)), g(f(x)}, {y}: {f (@)}, {g(x), 9(f(y))}}

Tr-unsatisfiable



{{a} {f (@)} {f(f (@)} S (F @)D} {FFF(F(a)) )

{{a}, (@)}, {f(f(a), F(FSf@DE A @)y (F(fF(f(a) = F(f(a)))
{{a}, {f(a)}, {f(f(a)), F(F(f(a)), F(f(F(f(a))))}} (function congruence)
{{a, f(f(a), F(f(f(a), F(SF(f(F(a)))}, {f(a)}} (F(f(f(f(a)))) = a)
{{a, f(f(a)), F(f(f(a)), F(F(F(f(a)))), f(a)}} (function congruence)

Tr-unsatisfiable

(d) Consider the formula f,(z) = e A f(f(x)) = z A fF(f(f(x))) = z A fo(f(z)) # e

instead.

{{ob Azt {f (@)} {fp@) 1 {f (@)} AL (F @)} AAF(F(f (@)} }

{{o, fp(@)} Lz} {f @) L {Sf @D AL (F@N B AFFF@ND (fplz) =)

{{o. fo(@)}, {z, F(f @)} {f (@)} {fp(f (@) 1 {F(F(f ()} (f(f(z)) ==z)

Heo. fo(@)} {z, f(f @)} S (@), FOF(F(@) ) {fp(f(2)}} (function congruence)
{H{o. fo(@) Az, f(f (@), f(@), F(F(f(@)} {fp(f(2))}} (f(f(f(z)) ==z)
Ho, fo(@), fo(f (@)} A, f(f (@), f(2), fF(f(f(2)))}} (function congruence)

Tr-unsatisfiable

O

4. Apply the decision procedure for T,,,s to the following T,,,s-formulae. Please write down
the call sequence to the MERGE procedure, draw the final DAG, and draw the final DAG.

(a) car(xz) =y A cdr(x) =z ANz # cons(y, 2)

(b) —atom(x) A car(x) =y A cdr(x) =z Ax # cons(y, z)
Solution.

(a) The following is the initial DAG.

1: car 2 : cdr 4 : cons

N/ s\

The following is the merge sequences.

(1) Add node 7 : car(cons(y, z)) and MERGE 7 5 (by left projection)
(2) Add node 8 : cdr(cons(y, z)) and MERGE 8 6 (by right projection)
(3) MERGE 1 5 (by car(z) =y)

(4) MERGE 2 6 (by cdr(z) = 2)

The following is the final DAG.

7: car 8 : cdr

3\ /:

1: car 2: cdr ) 4: cons 2)
N / \

N3z N 5 tz

)



Consider x # cons(y, z), we have FIND 3 # FIND 4. Thus, the formula is T,ops-
satisfiable.

(b) Preprocess the formula and get the following one:
x = cons(a,b) A car(x) =y A cdr(x) = z ANz # cons(y, z).

Below is the initial DAG.

1: car 2 : cdr 4 : cons 7: cons

N/ N 7N

5:a 6:0b 8:y 9:z

(1) Add nodes 10 : car(cons(a,b)) and 12 : car(cons(y,z)), and MERGE 10 5 and
MERGE 12 8 (by left projection)

(2) Add nodes 11 : cdr(cons(a,b)) and 13 : cdr(cons(y, z)), and MERGE 11 6 and
MERGE 13 9 (by right projection)
(3) MERGE 3 4 (by x = cons(a,b))
(3-1) MERGE 1 10 (by function congruence)
(3-2) MERGE 2 11 (by function congruence)
(4) MERGE 1 8 (by car(z) = y)
(5) MERGE 2 9 (by cdr(z) = 2)
(5-1) MERGE 4 7 (by function congruence)

3y -0 - car cdr 12 : car 13 : cdr
N / N
L:icar ' 2:cdr (1) 4 : cons (2) 1)7 cons (2)
NS LN ey N
3:z 5:a 6:b 8:y 9:z

Consider = # cons(y,z), we have FIND 3 = FIND 7 = 7. Thus, the formula is
Teons-unsatisfiable.

5. Apply the decision procedure for quantifier-free T4 to the following X 4-formulae.

(8) ali<e)j] =eni
(b) ali<e)(jaf)lkl=gAj#kAi=jAalkl#g

Solution.

(a) Consider the following two cases.

e Case 1: i = j. The formula becomes
i=jANe=eNi+#]

which is Tr-unsatisfiable.



e Case 2: i # j. The formula becomes
i#jnaljl=eni# ]
which is T's-satisfiable because the following formula
i# A falf) = eni#j
is Tg-satisfiable.

Conclusion: T'4-satisfiable.

(b) Consider the following cases where the conversion from 7’4 formulas (without writing
operations) to T formulas is applied by not shown here.

e Case 1: j = k. The formula becomes

J=kNf=gNjFkNi=jNalk]l#g

which is T4-unsatisfiable.
e Case 1: j # k. The formula becomes

j#FkNa(i<e)kl=gNj#kNi=jANalk]#g.

We have two sub-cases.
— Case 1(a): i = k. The formula becomes

i=kNjFkNe=gANjF#ENi=jFANalk]#g

which is T'4-unsatisfiable.
— Case 1(b): i # k. The formula becomes

i#FkNjFERkNakl=gAj#kNi=jNalk]l#g

which is T'4-unsatisfiable.

Conclusion: T4-unsatisfiable.



