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Note
We assume the binding powers of the various operators decrease in this order: (-)” (exponenti-
ation), {+, -}, =, {=,>, <}, {¥, 3}, {A, V}, —, <, =.
Solutions
1. Prove the partial correctness of the following annotated program segment: (40 points)

{g=0Ap=nAn>1}
S1: while p > 2 do

So:g,pi=g+1,p—1
od

{g=n—1}

Solution.

Let P denote “g+p=mnAp>1" (the loop invariant) and B “p > 2”.
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The whole proof may be summarized as the following proof outline:



{g=0Ap=nAn>1}

{invariant: g+p=nAp>1}

S1: while p > 2 do
{g+p=nAp>1Ap>2}
{g+D)+(p-D=nA(p—1)=1}
Se: g, pi=g+1,p—1
{g+p=nnp>1}

od
{g+p=nAp>1A-(p>2)}
{g=n—-1}
O
. Prove the total correctness of the following annotated program segment: (60 points)
{r=nAn>0}
S1: y = 0;
So: while z > 0 do
Szt y:=y+ 2z —1);
Sy:x=x—1
od
{y =n"}
Solution.
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m r>0Ay=n?—22A=(z>0) —y=n? (W. Post.)
{x =nAn>0}S1;9 {y =n?}
T
Assign.
3 {x>0A0=n2—2%} S; {z >0Ay=n?—2?} ES Pg ))
. Pre.
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Assign.
4 {r—1>0Ay=n?>—(x—1)?} Sy {x >0Ay =n? 2%} (Assign.)
{x>0A n? -2 ANx >0} S3;8 {x>0A n? — 22} (Sequence)
x =n?— : —n2_
=z Y 3504 = Y (While)

{>0Ay=n?—2%} S {z >0Ay=n?—2>A~(z>0)}
For termination, the rank function needed in the While rule is simply x; detail omitted.

T3:
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r=nAn>0—-z>0A0=n?—2z>
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(Assign.)
5 {r—1>0Ay+ 2z —-1)=n?>—(z—-1)2?} S3{x—1>0Ay=n?—(z—1)%} (S. Pre.)
{r>0ny=n2—22AN2>0} S3{r—1>0Ay=n?—(z—-1)%} o
T
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r>0Ay=n>—22A2>0—-2—-1>0Ay+ (22 —1)=n?— (z—1)2
The whole proof may be summarized as the following proof outline:
{r=nAn>0}
{x>0A0=n?—2?}
S1: y:=0;
{invariant: > 0 Ay = n? — 22} {rank function: x}
Sy: while z > 0 do
{x>0Ay=n?—22 A2 >0}
{r—=1>0Ay+ (2r—1)=n?—(z—1)?}
S3: y =y + 2z —1);
{x—=1>0Ay=n?—(x—1)%
Sy ri=x—1
{x >0Ay =n?—2?}
od
{x>0Ay=n?—22A—(x>0)}
{y =n?}
O



