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Introduction

® \We have seen decision procedures that focus on one specific theory
e Verification conditions that arise in practice, however, frequently mix expressions from several theories
e Linear arithmetic 4+ uninterpreted functions
o (0 > x) A(X—x32>x)A 0= 0)Af(f(x) —f(x)) # f(x3)
e Bit vectors + uninterpreted functions: f(a[32], b[1]) = f(b[32],a[l]) A a[32] = b[32]
e Arrays + linear arithmetic: x =v{i « e}[jJIANYy=V[j]]Ax>eAXx> Yy

® Methods for combining decision procedures: Nelson—Oppen, Shostak's Method, DTC (Delayed Theory
Combination), Model-based



Recall

e A theory is defined over a signature X, which is a set of nonlogical symbols (i.e., function
and predicate symbols)

e If 7 is such a theory, we say it is a 2-theory

® Let 7' be a 2-theory

e A 2-formula ¢ is T-satisfiable if there exists an interpretation that satisties both ¢
and T

e A 2-formula ¢ is T-valid, denoted T F ¢, if all interpretations that satisfy 7T also
satisfy ¢



Theory Combination

® [heory combination

e Given two theories T} and T, with signatures 2; and 2,, respectively, the theory combination
T'®T,is a (X U2,)-theory defined by the axiom set T, U T,

® [heory combination problem

o Let ¢ be a 2, U2, formula. The theory combination problem is to decide whether ¢ is

T, @ T,-valid. Equivalently, the problem is to decide whether the following holds:

o 1D, Fg

e® Under certain restrictions on the combined theories, the combination problem becomes decidable



Convex Theory

e Convex theory:

e A 2-theory T is convex if for every conjunctive 2-formula ¢:

o finite = (p = x; =y,) is T-valid

for some i € {1,...,n}
e where x,y;, fori € {1,...,n}, are some variables

® In other words, in a convex theory T, it a formula 7-implies a disjunction of
equalities, it also 7T-implies at least one of these equalities separately
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Examples of Convex and Nonconvex Theories

® Linear arithmetic over R is convex

® A conjunction of linear arithmetic predicates defines a set of values which can be
empty, a singleton, or infinitely large

@ Empty case: x <2Ax>3=> 7
® Singleton case: x <3AXx2>3=>x=3

e Infinitely large case: 2 < xAx<3=>x=2Vx=21AXx=22A -

—

infinitely many
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Examples of Convex and Nonconvex Theories (cont’'d)

® Linear arithmetic over Z is not convex
.Example:xlzl/\x2:2/\1SX3/\X3S2$(X3:X1VX3:X2)
.Neitherxlzl/\X2:2/\1S.X3/\.X3S2:>X3:x1 Nnor

‘X1=1/\XZ:2/\1S.X3/\X3S2:X3:x2 hOldS



Examples of Convex and Nonconvex Theories (cont’'d)

e [he conjunctive fragment of equality logic is convex

® A conjunction of equalities and disequalities defines sets of variables that are
equal (equality sets) and sets of variables that are different

e It implies any equality between variables in the same equality set separately
e Many theories used in practice are in fact nonconvex

® Nonconvex theories are computationally harder to be combine with other theories



Nelson-Oppen Restrictions

® [he Nelson—-Oppen combination procedure solves the theory combination problem for theories that
comply with several restrictions

® Nelson-Oppen restrictions: In order for the Nelson-Oppen procedure to be applicable, the theories
T,,...,T, should comply with the following restrictions (which can be overcame by extensions):

1. T,...,T, are quantitier-free first-order theories with equality

2. There is a decision procedure for each of the theories T}, ..., T,

3. The signatures are disjoint, i.e,, forall | <i<j<n, 2,NX =0

4. T,,..., T, are theories that are interpreted over an infinite domain (e.g., linear arithmetic over R,
but not the theory of finite-width bit vectors)



Nelson-Oppen for Convex Theories

Algorithm Nelson-Oppen-for-Convex-Theories
Input: a convex formula @ that mixes convex theories, with Nelson-Oppen restrictions
Output: “Satisfiable” if ¢ is satisfiable, and “Unsatisfiable” otherwise

1. Purification: Purity ¢ into Fy, ..., F,

2. Apply the decision procedure for T to F;. If there exists i such that F; is unsatistiable

in T}, return “Unsatisfiable”.

3. Equality propagation: If there exist i,j such that F; T-implies an equality between
variables of @ that is not T-implied by F;, add this equality to F; and go to step 2.

4. Return "Satisfiable’.
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Purification

e Given a formula ¢, purification generates an equisatisfiable formula ¢’ as follows:
1. Let @' :=¢
2. For each “alien” subexpression ¢ in ¢

A. Replace ¢ with a new auxiliary variable a,,

L, _
B. Constrain ¢’ with aj, = ¢ uninterpreted functions

linear arithmetic linear arithmetic

\ Purify l |
Q .= vaf(xl) q @ =x; L aNa=flx)

uninterpreted functions .




After Punfication

e After purification, we are left with a set of pure expressions Fi, ..., F, such that
e For all i, F; belongs to theory T; and is a conjunction of T-literals

e Shared variables are allowed, i.e., it is possible that for some 1,7, i <i<j < n,
var(F;) N var(Fj) *

e [he formula ¢ is satisfiable in the combined theory if and only it Al_, F; is
satisfiable in the combined theory
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Application of Nelson-Oppen-for-Convex-Theories

o ¢ = (f(x1,0) = x3) A (J(5,0) S x3) A (x] 2 X)) A (X 2 x7) A (x5 — f(x1,0) > 1)
e Purify steps:

(fCxp, ag) 2 x3) A (f(x, ag) < x3) A (X 2 x) A (X 2 X)) A (3 — flxg,a9) = 1) A
¢ (ay = 0)

(@a; Zx) A(f(xy,ap) SX)OAX ZX)A X)) A3 —a; = 1) A

® (ag = 0) A (a; = flx;, ap))

P =@ ZX)A@ SX)AX ZX)AXZ2X)AX—a; =2 1)A
¢ (ay = 0) A (a; = f(x1,a9)) A (ay = f(X,, ap))
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Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R) F> (EUF)

ai 2> T3 a1 = f(z1,a0)
a2 < 3 a2 = f(x2,a0)
1 2> X2
T2 2 X1

xg—alzl
CL():O
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Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R)| F5 (EUF)

a; > T3 a1 = f(@1, ao)
a2 < I3 az = f(@2,a0)
r3 —ap 2> 1
ap =0

*x 1 = I2
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Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R) F> (EUF)

ai 2> T3 a1 = f(z1,a0)
a2 < 3 a2 = f(x2,a0)
r1 2 X2
T2 2> X1
r3 —ay > 1
ao =0

*x 1 = I2 L1 = T2
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Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R)| F5 (EUF)

a; > T3 a1 = f(iEl, QQ)
az < T3 ag = f(:l?z, a,o)
r1 2> T2

To 2> X1

r3 —a; > 1
ao =0

* L1 = I L1 — T2
*x A1 = A9
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Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R) F> (EUF)

ai 2> T3 a1 = f(z1,a0)
a2 < 3 a2 = f(x2,a0)
r1 2 X2
T2 2> X1
r3 —ay > 1
ao =0

*x 1 = I2 L1 = T2
ai = ao *x A1 = Qa2
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Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R)| F5 (EUF)

~—p a1 > T3 a1 = f(z1,a0)
——p as < T3 a2 = f(x2,ao0)
r1 2> X2
To 2> T
I3 — Al Z 1
aog — O

* L1 = I L1 — T2
\ *x A1 = A9

14



Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R)| F5 (EUF)

ap > T3 a1 = f(a31,a0)
a2 < I3 a2 = f(an a'O)
1 2> X2
T2 2 X1
o za—ay > 1

ag = 0

* T1 = X2 b1 = &2
a1 = Qo *x A1 = a2

*x FALSE
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Application of Nelson-Oppen-for-Convex-Theories (cont’d)

F; (arithmetic over R) F> (EUF)
ai 2> T3 a1 = f(z1,a0)
a2 < 3 a2 = f(x2,a0)
r1 2 T2
To 2 IT1
L3 — A1l Z 1
agp = 0
* 1 = I2 L1 — X2
a; = as *x A1 = a2
*x A1 = I3
* FALSE
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Nelson-Oppen-for-Convex-Theories on Nonconvex Theories

® Nelson-Oppen-for-Convex-Theories may fail if one of the theories is not convex

o Example: (1 K X)A X <2)ApXx)A-p(l)A-p2), where x € Z

L IS xAx <2 Apx) Apla)) Aplay) A
o Purification results in:
al — 1 /\ az — 2

® Since no equality can be derived, Nelson-Oppen-for-Convex-Theories returns
“Satisfiable”

e However, we know that the formula is unsatisfiable in the combined theory
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Nelson-Oppen-for-Convex-Theories on Nonconvex Theories (cont’d)

e [o remedy this problem, consider not only implied equalities but also implied disjunctions of equalities

e Given such a disjunction, the problem is split into as many parts as there are disjunctions, and the
procedure is called recursively

. o I SxAx S 2Ap(x) Apla) Aplay) A
o Continued after purification:
al — 1 AN az — 2

e yimplesx=1vx=2
e Case 1 (x =1): F, implies x = a,, F, is unsatisfiable with x = q,

e Case 1 (x =2): F| implies x = a,, F, is unsatisfiable with x = a,
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Nelson—Oppen Algorithm

Algorithm Nelson-Oppen

Input: a formula ¢ that mixes theories, with Nelson-Oppen restrictions

Output: “Satisfiable” if ¢ is satisfiable, and “Unsatisfiable” otherwise

1.  Purification: Purity ¢ into Fy, ..., F,

2. Apply the decision procedure for T to F;. If there exists i such that F; is unsatistiable in T}, return “Unsatisfiable".

l’

3. Equality propagation: If there exist i, j such that F; T-implies an equality between variables of ¢ that is not T-implied
by F;, add this equality to F; and go to step 2.

4.  Splitting: If there exists i such that
o [I;= (X =y V X =) and
o Vel k}.FiHx=Yy,

then apply Nelson-Oppen recursively to ¢’ Ax; =y, ..., A x, = y.. If any of these subproblems is satisfiable, return
“Satisfiable’. Otherwise, return “Unsatisfiable’.

5.  Return “Satistiable”. 17



