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From SAT to SMT

e We've known the decision procedure for SAT problems.
» DPLL algorithm

® \What happened when it comes to First-Order Logic,
e.g.
(x+y <3Vx<O0)A(m(x<0)Vx=y+3)A(y =4),
is this formula satisfiable under the theory of LIA?

— We can apply SMT solver
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Satisfiability Modulo Theories (SMT) solver

® Rely on DPLL(T) algorithm, an extension of DPLL, where T is a set
of first-order theories.
e A first-order theory is defined by:
» Signature(X): constants + function symbols + predicate symbols+

variables
» Axioms(must be satisfied): a set of X-formula

® SAT solver operations: Propagate, Decide and Backtrack.

SMT Solver

Arrthmetlc solver

% [ Datatypes solver |
i
SAT Solver S String solver
Arrav solver
B!t-vectorsolver

Figure 1: Basic architecture of a SMT solver [1]
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DPLL(T) Algorithm - An Example

0 =(x+y<3V x<0)A(~(x<0)V x=y+3)Ay=4

abstraction

0p:=(ao V a1)A(—a1 V ap)Aas

5/69



DPLL(T) Algorithm - An Example

O =(x+y<3Vx<0A(-(x<0)V x=y+3)Aly=4

0p:=(ao V a1)A(—a1 V ax)A]&3

® Propagate: a3 — T
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DPLL(T) Algorithm - An Example

0:=(x+y<3V X<O0)A(=(x<0) Vx=y+3)Aly=4

qbp::(ao vV B A (a1 VvV oax)AE8

® Propagate: a3 — T
® Decide: a1 — T
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DPLL(T) Algorithm - An Example

o =(x+y<3V x<0)A(~(x<0) V x=y+3)\y=4

¢pZ:(ao \ al)/\(ﬂal V az)/\ as

® Propagate: az— T
® Decide: a3 — T
® Propagate: ap— T

8/69



DPLL(T) Algorithm - An Example

0:=(x+y<3V X<KO0)A(~(x<0) Vix=y+3)Ny=4

(])p::(ao V 31)/\(—|31 vV 32)/\ as

Propagate: a3 — T

Decide: a1 — T

Propagate: ap — T

Pass assignment o := {a; — T,ap +— T,a3— T} to LIA solver,
LIA solver solves (y =4Ax <0Ax=y+3) and gets UNSAT
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DPLL(T) Algorithm - An Example

b=(x+y <3 v ) A (S(x<0) v FEVEE) =l
Moy =Vl <OV(x=y+3))
¢ = (20 v DN (Far v D ()

® Propagate: a3 — T
® Decide: a1 — T
® Propagate: ap— T

® Pass assignment o 1= {a; — T,a2— T,a3z+— T} to LIA solver,

LIA solver solves (y =4 A—(x <0)Ax =y+3) and gets UNSAT.
= Add blocking clause
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DPLL(T) Algorithm - An Example

0 =(x+y<3V x<0)A(—(x<0) V x=y+t3)Aly—4
Ao(y=4) Vv =(x<0) V ~(x=y+3))

¢p::(ao VA (—ar VvV E)ABIA(—a3 Vinay Vo—ag)

® Propagate: a3 — T

Decide: a1 — T
® Propagate: ap— T
® Pass assignment o 1= {a; — T,a2— T,az+— T} to LIA solver,

LIA solver solves (y =4 Ax <0Ax =y+3) and gets UNSAT.
= Add blocking clause

Conflict! backtrack to the decision
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DPLL(T) Algorithm - An Example

o =(x+y<3V x<0)/\(- Y x:y+3)/\-
A~y =4) VEESO)| v ~(x=y+3))

¢p::(ao V 31)/\(- vV 32)/\-/\(—|a3 \/-\/ —ap )

® Propagate: az— T
® Backtrack: a; — F
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DPLL(T) Algorithm - An Example

o =(REVRE] v x<0)A(BES0) v x=y+3) A
A~y =4) VEERD)| v ~(x=y+3))

Pp = (- Vo o ap )/\(- Vo as )/\-/\(—|33 \/-\/ —|32)
® Propagate: a3 — T

® Backtrack: a; — F

® Propagate: ag— T
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DPLL(T) Algorithm - An Example

o :=(KEPRB v x<0)A(BKR0) v x=y+3)A =4
A=y =4) VEERD)| v ~(x=y+3))

Op = (- Vo o ap )/\(- VvV as )/\-/\(—|83 \/-\/ —|32)

Propagate: a3 — T
Backtrack: a; — F
Propagate: ag— T

Pass assignment o := {ag — T,a; — F,a3 — T} to LIA solver,
LIA solver solves (x+y <3A—(x <0)Ay =4) and gets UNSAT.
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DPLL(T) Algorithm - An Example

o =(KEYREl v x<0)A(BER0) v x=y+3)AJEE
A~y =4) VEERD)| v ~(x=y+3))
f (lety <YV <OV(y=4))
(Pp::(- Vo oap )/\(- AVAR- ) )/\-/\(—|33 \/-\/ —ay )
# (a0 v arVmas)

Propagate: az— T

Backtrack: a; — F

Propagate: ag — T

Pass assignment o := {ap — T,a; — F,a3 — T} to LIA solver,

LIA solver solves (x+y <3A=(x <0)Ay =4) and gets UNSAT.
= Add blocking clause
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DPLL(T) Algorithm - An Example

o :=(FRETIREl v x<0)A(EEE0) v x=y+3) =
A~y =4) VEERD)| v ~(x=y+3))

AN=(x+y<3) Vx<0V (y=4))

(])p::(- V o ap )/\(- VvV ap )/\-/\( —az \/-\/ —|32)

/\(ﬂao V.ay VvV ﬂ33)

Propagate: a3z — T

Backtrack: a; — F

Propagate: ag— T

Pass assignment o := {ag — T,a; — F,a3 — T} to LIA solver,

LIA solver solves (x+y <3A—(x <0)Ay =4) and gets UNSAT.
= Add blocking clause. No decision to Backtrack, return UNSAT
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Satisfiability Modulo Theories (SMT) solver

® Basic Idea:
@ The SAT solver checks whether the propositional abstraction of the
formula is satisfiable
» If so, decide an assignment for each literal.

» If not, backtrack. If backtracking is unavailable, return
UNSAT (T-unsatisfiable).

l Set of T-clauses F ‘ Satisfying Assignment M for F
Fis sat

Fis unsat Miis T-sat

Nt

T-clauses to add to F

Figure 2: Interactions inside a SMT solver[1]

M is T-unsat
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Satisfiability Modulo Theories (SMT) solver

® Basic Idea:
@ The SAT solver checks whether the propositional abstraction of the
formula is satisfiable.
> If so, decide an assignment for each literal.
» If not, backtrack. If backtracking is unavailable, return
UNSAT (T-unsatisfiable).

@® Then, the theory solver checks whether the assignment is satisfiable.
» If so, return SAT(T-satisfiable).
» If not, add blocking clauses to the formula, go back to step 1.

‘ Set of T-clauses F ‘ Satisfying Assignment M for F ‘
Fis sat

Fis unsat Mis T-sat

SAT Theory
% Solver | Solver
M is T-unsat

Figure 2: Interactions inside a SMT solver[1]
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Propositional Abstraction - Exercise

Perform propositional abstraction:
e F(a)=F(F(b))ANa=5A(=(b=5)VF(b)=5)

o (R(a,i)+4=5VR(W(a,i,x),j) <0)A(R(a,0) = R(a,j) VR(a,0) =
R(a, 1)) A=(i =)
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DPLL(T) - Exercise

Perform DPLL(LIA) Algorithm to solve the formula:
(you can omit the decision procedure of LIA solver)

* (x>0Vx+y<1)A(x+y=2Vy=5)A(x>3V-(x+y=2))
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Theory solvers

® We've provided a walkthrough of DPLL(T) with an example, but one
may ask: How do theory solvers work?

® Formally, a theory solver should(assuming ¢ is the input formula):
» Return SAT only if ¢ is T-satisfiable.
» Return UNSAT only if ¢ is T-unsatisfiable.
» Terminate.

® |n practice, a theory solver supports following features:

» Return an interpretation when ¢ is T-satisfiable.
» Return a conflict clause when ¢ is T-unsatisfiable.
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Theory solvers

Here we focus on the decision procedure for the quantifier-free fragment
of first-order theories.

® Equality and Uninterpreted Functions
® Arrays

® Linear Integer Arithmetic (Simplex method)

Bit Vectors

® Recursive Datatypes
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Theory of EUF

Signature:
Y :={=,a,b,c,...,AB,C,...}

where {a,b,c,...,A,B,C,...} are symbols of uninterpreted sorts and
uninterpreted functions

Axioms:
e Reflexivity: Vx. x = x
® Symmetry: Vx,y. x=y >y =x
® Transitivity: Vx,y,z. x=yAy=z—=x=2z

e Congruence:
Vtr, ottt Nfey ti =t — F(t1, ..., tn) = F(, ..., t))
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Decision procedure for EUF - An example

0YF = x1 =xo Axa = x3 A F(x1) = F(x3) A=(F(F(x1)) = F(F(x2)))
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Decision procedure for EUF - An example

¢UF =X1=XoAXp =Xx3/\ F(Xl) = F(X3) /\—\(F(F(Xl)) = F(F(X2)))

o {{xixe} {xe 23}, {F (%), FOs) L {F ()b {F(F(a)) ) {F(F(x2)) )}
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Decision procedure for EUF - An example

OUF = x1 =0 Axo =x3 AF(x1) = F(x3) A—(F(F(x1)) = F(F(x2)))

{{x, B8l {3 xs 1 {F(xa), F(xa) ), {F ()1, {F(F (x1)) 1, {F(F(x2))}}
o {{Paxeal {F(x) Fa)} {FOe) L {F(FOa))b {F(FOR)) )
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Decision procedure for EUF - An example

0UF = x1 =0 Axa = x3 A F(x1) = F(x3) A=(F(F(x1)) = F(F(x2)))
o {{xxat, {xesxa), {F(xa), F(xa) 1 {F() ) {F(F ( 1))} AF(F(x))}}

o {{a, % s} B F ()} (JBGR)Y {F(F(xa))} {F(F(x2))}}
o {{x,0,xs}, [{HECAR G FCR)Y. { F(F (1)} {F(F(x))}}
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Decision procedure for EUF - An example

oUF = x1 =xoAxa = x3 A F(x1) = F(x3) A=(F(F(x1)) = F(F(x2)))

* {{xah e, xah {F(xa), FO3)} {F0e) L {F(F(a)) ) {F(F ()}
* {{xx,xs}, {F(x), F(xa)} {F(x2)}, {F(F(x1))} {F(F(x2))}}

* {06} { F(x), F(Xz) F(xs)}, {[F(EGa))  ([F(EG))
* {Dxoexh {F0a), Fle). F(x) ) [ERRCANECRGRNE
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Decision procedure for EUF - An example

oUF =x1 =xo0Axo =x3 A F(x1) = F(x3) A =(F(F(x1)) = F(F(x2)) )

* {{x1, %}, {xe.xs} {F(x1), F(x3) 1 {F(x2) 1, {F(F(x1))}, { F(F(x2))}}
o {{x1,x,x3}, {F(x1), F(x3)}, {FOx2) }, {F(F(x)) b {F(F(x2)) }}

* {{x1,x,x3}, {F(x1), F(x2), F(x3)}, {F(F(x1))}, {F(F(x2))}}

o {{x1,x2,x3} {F(x1), F(x2), F(x3) }, {E(EGa))s E(FG2))}

e Contradict! Return UNSAT.
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Decision procedure for EUF - Congruence Closure

Input: ¢YF := conjunction of equality literals

@ For each (sub)terms t; in ¢UF, create an equivalence class C; = {t;}.
® Compute the congruence closure

©® Put two terms t;,t, in an equivalence class if t; =t is in ¢YF.
® Merge two equivalence classes Cy, G if
dt.te GGAte G.
® Merge two equivalence classes Cy, G if we can find a classs C3
dty,t. t1 € GGA L € C3/\F(t1) c G A F(tz) e G.

© For every literal =(t; = t;) in oUF, if ti, tj are in the same equivalence
class, return UNSAT. Otherwise, return SAT.
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Decision procedure for EUF - Exercise

@ Apply the decision procedure to solve the following EUF formulas.
> 9UF = x = san # (F4(xe) = F5(a)) A Flxa) =
> q)UF =F(x1) =x /\—'(F3(X1) = F4(X3))/\ F3(X3) = F(x)

@® Apply DPLL(EUF) (including the decision procedure for EUF):
> ¢:=(~(F(b)=c) vV F(a)=F?(b)) A a=c
A (=(F4(b) = F3(c)) v F(b)=c)
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Theory of Arrays

Signature:
Y ={=/2,W/3,R/2}

® R(a,i) (Read) represents the value of array a at index /

e W(a,i,x) (Write) represents the copy of array a with the value at
index / replaced by x

Axioms:
e Reflexivity, Symmetry and Transitivity axioms from Equality theory

e Array Congruence: Vay, ap,i,j. ai=axANi=j— R(a1,i) =R(a2,j)
® Read-Over-Write: ‘ o
. . N x for i=j
Va,X,I,J. R(W(Q,I,X),_j)— { R(a,_]) 'FOF _|(I:_])
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Decision procedure for Arrays - An Example

0" = R(W(a,i1,x),j1) = uAR(W(a, i2,), o) = vA=(ir = j1) A=(y = v)
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Decision procedure for Arrays - An Example

o* = [RONEISIUS 1 R(W(a,12,y).2) = v A=(i1 = jn) A=(y = v)
Oiewine = (= o Ax = W)V (2 =j1) AR(2,2) = )

((2=pAy=v)V(=(2=j2)AR(a,j2) = v)) A
~(h=j)A(y=v)
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Decision procedure for Arrays - An Example

¢A = R(W(a7i17x)vj1) =uA R(W(avi2;)/)7j2) =V /\_'(il :jl)/\_'(y = V)

Orourire =((1 =1 Ax = u)V (=(i = j1) A R(a1) = u))A
(2 =joAy=v)V(=(2=j2) A R(a,j2) = V))A
(=) A~y =v)

¢ =((h=jAx=u)V(~(ir=j1) A\ [FBla) = v)
(=pAy=Vv)V(=(2=] /\F(lz) =v)
“(h=a)A~(y=v)
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Decision procedure for Arrays - An Example

¢":=((h =g Ax=u)V(=(i =j1) AFa(ir) = u))A
(2=RAy=v)V(=(2=j2)AFa(2) = v))A=(i1=j1) A=(y = V)

¢, = ((a0 Na1)V(maoAa2)) A((a3Aag)V(mazAas)) A—ag Aay
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Decision procedure for Arrays - An Example

¢ =((h =i Ax=u)V(=~(ir =) AFa(1) = u))A
(=g Ny =V)V(=(2 =) NFa(j2) = v))A=(i1=j1) A=(y = v)

¢, = ((a0Na1)V(maoAa2)) A((a3Nag)V(mazAas)) A—ag Aay

¢, (in CNF) :=(aoV a2) A(a1V—ao) A(a1Va2) A(a3Vas)A(asV —az)A

(ag V as) A —ag A —ag
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Decision procedure for Arrays - An Example

9" =((h = Ax=u)V(~(h=j1) AFalir) = u))A
(2 =i2Ay =v)V(=(2=R)ANFs(2) = v)) A=(i = j1) A=(y = v)

¢, = ((a0 Na1)V(maoAa2)) A((a3Aas)V(mazAas)) A—ag Aay

¢, (in CNF):=(ag Va2) A (a1 V[FE0l) A (a1 V az2) A(azVas) A(as V—-as)A

(‘aq V as) A a0 N\ ER

® Propagate: ag+— F,az — F
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Decision procedure for Arrays - An Example

¢ =((h =i Ax=u)V(~(ir =) AFa(ir) = u))A
(=g Ny =V)V(=(2 =) ANFa(j2) = v))A=(i1=j1) A=(y = v)

¢, = ((ao Na1)V(—aoAa2)) A((a3Aas)V(—azAas)) A—ag Aay

¢,(in CNF) :=( a0 V[@al) A (a1 v [Faa]) A (a1 v [@3]) A (a3 V[&81)A

(‘as V&) A (s V)ERN) A [HE00 N a0

® Propagate: ag — F,ag — F
® Propagate: a+— T,a3—~F,as— T
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Decision procedure for Arrays - An Example

¢ ==((h=jpAx=u)V(=(i=j1) AFa(j) = u))A
(2=jRANy=v)V(~(2=rR)AFi(2) = v))A~(1 =) A~y =V)
¢, = ((ao Na1)V(maoAa2)) A((a3hag)V(—azAas)) A—ag Aay

¢, (in CNF):=( a0 V[83l) A (a1 V580 A (a1 V[@3)) A (a3 V@8l A
(‘aq V&) A (s V)ERN) A [HE0) N EE

® Propagate: ag— F,az — F
® Propagate: a+— T,a3—F,as— T

® Solve —|(f1 :jl) VAN Fa(jl) = u/\—\(i2 :jz)/\—'(y = V)/\ Fa(jg) =v
and get SAT = SMT return SAT
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Decision procedure for Arrays

Input: ¢ := conjunction of array literals

Basic idea:

@ According to Read-Over-Write axiom, we can branch a Write term
R(W(a,i,x),j) into two cases:
» x fori=j
> R(a,j) for ~(i =)
@® Repeat step 1 until ¢ contains only Read terms, then replace each
term R(a,7) with an uninterpreted function term F,(/) to obtain ¢’.

© The remaining part is same as solving an EUF formula.
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Decision procedure for Arrays - Exercise

@ Apply the decision procedure for arrays:
> A= —(i = j)A—(i = k) AR(W(a,j, v), /) = R(W(a, k, w),))
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Combined theories

® |n the previous example, we only invoked one theory solver.
But in practice, we often encounter a combination of theories.

® For example:

¢ :=(~(u=G(v))V~(u=v))A~(R(a,u) =R(a, 6(v)))
AR(a, G(u)) =R(W(a, G(v),x),u) Av = G(v)

® Purify(EUF/ ):

¢purified ::(_\/-) A _‘(R(av Ll) = R(avyl))

A R(a,y1) = R(W(a,y2,x),u)

~ I
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Combined theories - An Example

(Ppuriﬁed ::(_‘(U =

BSIEE)] + EEEE]  FEEE
0p = (a0 V —a1) A [FiaE) A 231 A ) ] A e

A\
A
® Propagate: ax— F,a3—>T,as—>T,a5—> T, a6 — T
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Combined theories - An Example

Opuried =GN v ~(» = v))  FREEIERED

AN
AAEEE)]  pa=eW)  EEW)
0, += (] ~=1) 1 [ L

® Propagate: ap— F,a3— T ,as— T,a5— T, a6 — T
® Decide: ag+— F
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Combined theories - An Example

Opuriied :~(EZEEN] v (v = v)) A [HREDZRED)
N=6() fy2=6(v) fv=6(v)
0, = (58] ~o) 5881 [0 " L BB [

A
A

® Propagate: ap— F,a3— T ,ag— T,a5— T, a6 — T
® Decide: ag— F

® Pass assignment a3 := {ag > F,as — T,a5— T,a¢ +— T} to EUF
solver, and assignment o := {a, — F,a3 — T} to ARRAY solver
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Combined theories - An Example

Ppurified 32(_\/%“ =v)) A_
A R(@1) = R(W(a,2,%),0)

~ DASIE()  PESIEW)  WEE)

0p = (B8 1) \[E81  [E) el [ [

® Propagate: ax—~ F,a3—>T,as— T,a5—~ T, a6 — T

® Decide: ag+— F

® Pass assignment a3 := {ag +— F,as — T,a5— T,a¢ +— T} to EUF
solver, assignment o := {a, — F,az — T} to ARRAY solver,

e EUF: solves (—(u= G(v))Ay1=G(u)Ay> = G(v) Av = G(v)), gets
SAT,
ARRAY: solves (—(R(a,u) =R(a,y1)) AR(a,y1) = R(W(a, y2,x), 1)),
gets SAT.
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Combined theories - An Example

® Both theory solvers got SAT, but can we conclude that ¢ is SAT?

52 /69



Combined theories - An Example

® Both theory solvers get SAT, but can we conclude that ¢ is SAT?

Not yet, theory solvers must agree on shared variables!

o EUF: =(u=G(v))Ayi =G(u)Ay>=G(v)Av=G(v)
ARRAY: —(R(a,v) =R(a, 1)) AR(a, 1) = R(W(a, y2,x), 1)
(u,y1,y2 in this case)
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Combined theories - An Example

® Both theory solvers get SAT, but can we conclude that ¢ is SAT?

Not yet, theory solvers must agree on shared variables!
(u,y1,y2 in this case)

e For EUF:
(u=G(V)Ay1=G(u)Ay2=G(v)Av=G(v) = =(u=)
For ARRAY:
—(R(a,u) =R(a,y1)) AR(a,y1) = R(W(a,y2,x),u) = u=y»
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Combined theories - An Example

® Both theory solvers get SAT, but can we conclude that ¢ is SAT?

Not yet, theory solvers must agree on shared variables!
(u,y1,y> in this case)

e For EUF:
(u=G(V)Ay1=G(u)Ay2=G(v)Av=G(v) = —(u=)
For ARRAY:
~(R(a,u) =R(a,y1)) AR(a,y1) = R(W(a,y2,x),u) = v =y>

=The solvers do not agree on share variables.
(Add a disjuction to synchronize assignments between theories)
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Combined theories - An Example

Opurified :=(HU=G(W)) v —~(u = v)) A

6, = (B8] v ~=1) ~ 5B 11 [ I I ()

® Propagate: ap— F,az3— T,ay— T,a5 — T,a6— T
® Decide: a9 — F
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Combined theories - An Example

Bpuritea =(HESEMN] v ~(v = v)) A [HREDEREID)
# R(ay) = R(W(a,y2,x),u) ~ y1=G(u) # y2=G(v)
NS A (= v (v = y2)

0 = (81 v ~o) A [E5EE] /@3~ [l e8] [l (@ v =)

® Propagate: ap— F,az3— T,ag—> T,a5— T,a6— T
® Decide: ag— F
® Decide: a7 — T

57/69



Combined theories - An Example

Spuriea = (HUSEA)] v ~(v = v)) A [SREEDERE)
A R(ay1) = R(W(a.y2,x),u) 4 y1 = G(u) # y2=G(v)
» WEE) (A v (v = y2)

0, = (5881 v ~n) /\ [FEa] A [EE A JE  JE  JE  ( v —ar)

Propagate: ap — F,a3— T,as— T,a5+— T,ag+— T
® Decide: ag— F
® Decide: a7 — T

® Pass assignment o :={ap — F,as+— T,a5+— T, a6+ T,a7— T} to
EUF solver and get UNSAT.
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Combined theories - An Example

Spuriiea (UGN v ~(u = v)) ~ [HRED=REIA)
# R(a,2) = R(W(a,2,%),6) 4 1= G(u) 7 y2 = 6(v)
G (o - - )

0+ (] o) [~ B 1 (o D)

® Propagate: ap— F,az3— T,ay— T,a5— T,a6— T
® Decide: ag+— F
® Backtrack: a; — F
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Combined theories - An Example

Spuriiea (UGN v ~(u = v)) ~ [HREDZREIA)
# R(@y1) = R(W(ay2:x),u) 7 1= 6(u)  y2 = 6(v)
. )

0 = (] 1) [~ B 1 [ (o D)

Propagate: ap — F,a3— T,as— T,a5+— T,ag+— T
® Decide: ag— F

Backtrack: a7 — F

® Pass assignment a := {ap — F,a3 — T,a7 — F} to ARRAY solver
and get UNSAT.
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Combined theories - An Example

bpurited =(~(u = () v [N  FREHERES)
»[Rlay) = ROW(ay2:9,0) 31 = G(o) 12 = 6(v)
NVEE)| A (0= y2 v —(u = y2))

0, += (~ao v 58] [58E1 81 B BB [ (o  ar)

® Propagate: ap— F,az3— T,ag— T,a5 — T,a6— T
® Propagate: a;— F
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Combined theories - An Example

Bpurirea =(~(u = G(v)) v [HEEV)) A [HRED=REA)]
A R(ay1) = R(W(a,y2,x),u) / y1=G(u)  y2=G(v)
NVEEW)| A (E=9E V(v = y2)

9p = (—ao v [FaH) / [F5a3] / 23] ~ &l A 3] Jse] (& v —ar)

® Propagate: ap— F,az3— T,ag—> T,a5— T,a6— T
® Propagate: a3 — F
® Decide: a7 — T
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Combined theories - An Example

(Ppurified ::(_'(u = G(V)) \/-) /\_
*R(@y) = RW(ayz,x),) » y1.= Gw) 4 ya = 6(v)
AVEEE) N (e (s = 2)

¢p = (a0 v [FEH)) /2] 31 A [ BBl A e (87 Y —ar)

Propagate: ap — F,a3— T,as— T,a5+— T,ag+— T
® Propagate: a;— F
® Decide: a7 — T

® Pass assignment o :={a; — F,as+— T,a5+— T a6+ T,a7— T} to
EUF solver and get UNSAT.
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Combined theories - An Example

Opuriied =(~(u = G(v) v [N  REEERED)
» REWERW @98~ =6 » =)
~ I (= . v )

0p = (a0 v [ / [EiEE] /] A 2/ B8/ Jgel (o V[

® Propagate: ap— F,az3— T,ay— T,a5— T,a6— T
® propagate: a; — F
® Backtrack: a; — F
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Combined theories - An Example

(Ppurified :_( (U_G(V)) -) _
* Ria ) = R(W(a,y2,x),0) 1= 6(u) » vz = G(v)
G (> )

0p = (a0 v [FEH)) / [EiEE] 1] A 8/ JB5 / Jgel (a7 V[

Propagate: ap — F,a3— T,as— T,a5+— T,ag+— T
® propagate: a; — F

Backtrack: a7 — F

® Pass assignment a := {ap — F,a3 — T,a7 — F} to ARRAY solver
and get UNSAT.
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Implementation for Combined theories

® Main ideas:

@ Purify the literals(each literal contains one theory).

@® Once the SAT solver finds an assignment, pass the corresponding part
to each theory solver.

© If any of the solvers gets UNSAT, then return UNSAT.

O |If every theory solver gets SAT, then check if they agree on shared
variables. If so, return SAT, otherwise, backtrack and go to step 2.

® The decision procedure above requires the theories to satisfy several
properties:
@ First-order, quantifier-free, decidable theories with equality.
® Have disjoint signatures, except "=".
© Interpreted over an infinite domain.
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Combined theories - Exercise

Apply the decision procedure for combined theories to solve the formula:
(you may omit the decision procedure for each theory solver, but must
include the discussion of whether they agree on shared variables)

° ¢ = G(F(X1*2)):X1+2/\ G(F(Xz)):X2*2/\(X2+1:X1*1)

67/69



Key Takeaways

® The basic architecture and algorithm of an SMT solver
® The elementary decision procedure for the theory of EUF and Arrays

® The implementation of an SMT solver for combined theories
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