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Natural numbers

= Formation:

F
' W N:U (NF)
= |ntroduction:
NIZ I' -n:N
Fl—zero:N( ) I’l—su’;’:n:N(le)
= Elimination:
I' x: N FP:U
r F z : Plzero /x]
I'y:N, h:Ply/x] s : Plsuc y/x]
T Fn:N

(NE)

I' F ind (x. P)z(y. h.s) n : P[n/x]

Logically this expresses the induction principle on natural
numbers; computationally this provides primitive recursion.



Natural numbers — computation rules

= Computation:

I' x: N P U
r F z : Plzero /x|
I'y:N, h:Ply/x] F s : P[suc y/x] (NCZ)
I' F ind (x. P) z(y. h. s) zero = z € P[zero/x]
I' x: N FP:U
r F z : Plzero /x|
I' y:N, h:Ply/x] Fs : P[suc y/x]
r Fn:N
(NCS)

I' - ind (x. P) z(y. h.s) (suc n) =
s[n, ind (x. P) z(y. h. s) n/y, h] € Pl[suc n/x]
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An induction combinator

We can define an induction combinator in terms of the more
primitive ‘ind’ eliminator:
induction : TI(P:N — U)
Pzero — (II(y:N) Py — P(sucy)) —
II(n:N) Pn
induction = A\P.Az. Af.An. ind (x. Px) z(y. h. fy h) n

When we construct the theory of natural numbers, we will work
“within type theory"”, focusing on constructing programs of closed

types and leaving their typing derivations to informal reasoning or
even the machine.

Exercise. Define predecessor, addition, and multiplication with
induction.
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Identity types

Identity types are also called propositional equality, especially when
being contrasted with the meta-level judgemental equality.

= Formation:
' Fa:A I Fb: A

TrtaAab-u =P

= Introduction:
I''Fa:A (zan)

I' ' Frefl:IdAaa

Exercise. Assume ' - a = b € A and derive
I' - refl:IdAab.
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|dentity types — elimination and computation rules

= Elimination:
I' x:A, y:A e:IdAxy F P: U

' z: A F p: Plz, z, refl/x, y, €]
T Fa:A
r Fb:A
T Fqg:IdAab
(1dE)
' -J(x.y.e.P)(z.p)abgqg: Pla, b, q/x, y, €]
= Computation:
' x:A,y:A e:IdAxy F P: U
' z: A Fp:Plz, z, refl/x, y, €]
T Fa:A
(1dC)

I' - J(x.y.e. P)(z. p) aarefl = pla/z]
€ Pla, a, refl/x, y, €]

V-5



A substitution /transportation combinator

In this lecture we do not need the full power of J, but only the
following transportation combinator for substituting equals for
equals in types:

transport :
II(P:A— U) II(x:A) II(y:A) IdAxy - Px — Py

Exercise. Define transport in terms of J.

Exercise. Using transport, prove that all functions respect
identity types; that is, construct

ap : II(A:U) II(B:U) II(f: A — B)
II(x:A) I(y:A) IdAxy — Id B(fx) (fy)
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Id is an equivalence relation

14 is obviously reflexive:
A Ax. refl : II(A:U) II(x:A) Id Axx

Exercise. Prove that Id is symmetric and transitive, i.e.,
construct

sym : II(A:U) II(x:A) II(y:A) ITdAxy — Id Ayx
and

trans : II(A:U) II(x:A) II(y: A) II(z: A)
IdAxy > I1dAyz — IdAxz
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Peano axioms

Peano axioms specify an equational theory of natural number
arithmetic (addition and multiplication); all of them are provable in
type theory.

m Zero is a natural number. If nis a natural number, so is the
successor of n.
— The introduction rules.

= Equality on natural numbers is an equivalence relation.
— We use Id, which has been proved to be an equivalence
relation.

m The successor operation is an injective function, i.e.,
II(m:N) II(n:N) IdNmn < Id N (suc m) (suc n)
m The successor operation never yields zero, i.e.,
II(n:N) =Id N (suc n) zero
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Peano axioms

= Addition satisfies
II(n:N) IdN (zero+n) n
and
II(m:N) II(n:N) Id N ((suc m) + n) (suc (m+ n))
= Multiplication satisfies
II(n:N) Id N (zero x n) zero
and
II(m:N) II(n:N) Id N ((suc m) x n) (n+ mx n)

m The induction principle holds for natural numbers.
— The induction combinator.
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The traditional approach

m Formalise a deduction system for first-order logic

(propositional logic extended with first-order quantification).

m Collect the Peano axioms into a set PA.

m Start deriving theorems from PA, like
PA FVx. Vy.x+y=y+x

This approach leads to, for example, an overblown proof of
1+41=2:
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Computational foundation

In type theory, Peano “axioms” are merely consequences, and do
not play an important role in actual theorem proving.

We now have a more natural foundation of mathematics based on
the unifying idea ofItyped computation!
We do not “prove” 1+ 1 = 2, but just “check” it mechanically:

refl : Id N (suc zero + suc zero) (suc (suc zero))
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