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Limitations of
propositional logic

Consider the following classical argument:

(1) All men are wortal
(2) Socratesis a man

Therefore: Socrates is mortal

Can you express this in propositional logic?



Limitations of
propositional logic

Here is an attempt:
(1) All men are wmortal:
Man(Socrates) -> Mortal(Socrates)
Man(Anthony) -> Mortal(Anthony)

Man(zi45) -> Mortal(z445)

(2) Socra’(es'i.s a man:
Mawn(Socrates)

Therefore: Socrates is wmortal
Mortal(Socrates)




A better solution

Extend the logic to easily refer to all men”

Vz : Man(z) — Mortal(x)

quanfﬂié
redicate

Read (verbose): “For all x, if x is a man, then x is mortal”

Note: Propositions are now “predicates” which depend on x

Observation: two lines vs. billions of lines



Goals today

* Be familiar with basic concepts on FOL:

1.  Syntax and semantics
2. Satisfiability, validity, and equivalence



What else can you say in
FOL?

* Therels a man who is not married
Iz} man(z) A —married(z)
ery person has a mother _
Vz : person(x) — (Jy : mother-o h\‘
* Sowe person have two mobile pho

Jadydz - persontz)} Amply, ¢y Ample, Az



So, is it true that ...?

Q: ... FOL is just PL with quantifiers and more complex
“propositions”?

A: Yes, pretty much. But this is much much wmore
complex in fact!



Ponderables

(i) Quantifiers quantify” over what?

(ii) Which of the following sentence are

“Ttrue”?

(Vz : man(x)

(Jz : man(x)

) o
i

Jx : man(x) A ~married(x)

(Vy : man(x))

(=

y : man(zx))

Vz : man(z) — man(x)



First-order Logic
(FOL) Syntax




“Atoms” (Simplified)

(generalised propositions?)

Examples of ‘atowmic formulas” (atowms”) in FOL:
man(z)  even(l)  mp(y,z)

" Variable /" Predicate
iy msmati \_/relation /

Relations have arities (# arguments):

» wman and even have arity |

e wmp has arity 2
Relation with arity 0 is a proposition, eg, man(John”)



“Atoms” (Simplified)

Variables: x, v, ...

Constants: 0, 1, ‘Anthony” “#45”...

Terwms: variables/constants
Relation symbols (with arities): man/1, mp/2, ...
Special relation: =/2

Defn: If R/iis a relation symbol with arity i and each
of t1.t2........T1 is a term, then

Rit1.t2...11)

is an atowic formula.




“Formulas”

As ig boolean logic, build formulas from propositions
with:
—|7 /\7 \/7 _>7 <_>7 69

In addition, formulas can be ‘quantified”

If F isaforwmula and x is a variable, then

Vo : F' isaformula
dx - F' isa formula




Exercises

How do you build the following formulas?

Jx : man(x) A -married(x)

(dz : man(xz)) — (Vy : man(x))

Vx : man(x) — man(x)



More exercise

* Give a definition of FOL forwmulas by
induction/gramwmar



Warning

* (yx: Rly)) is an FOL formula



Sewmantics of FOL



Interpretations

What do the quantifiers quantify over?

* Domains U (a.k.a. universe)

* An assignment function | mappinag:
* Each constant ¢ to an elewmentin ¥
* Each variable x to an elementinl

* Each relation symbol R/i to ai-ary
relation over ¥



Example: Phylogeny tree

Relation symbols: </2,
a3 o @ o extant/1, extinet/1

Assignment:
e I 2 {SPECiRS)
o l: extant/1 -> {extant species}
extinet/1 -> {extinet species)
</2 ->{(xy): x is an ancestor of

v}

Convention: x is an ancestor of x



Example: Integer Linear
Arithmetic (N,*)

Constants: 0, 1, ...

Relation symbol: Plus/3

Assignment:

P = {integers)

I: 0->0, 1->]1, ...

l: Plus/3 -> {(xy,z) : x*ty =2z}

Note: Plus and + are often confused



Truth depends on
Interpretations

The truth/falsehood of an FOL formula depends on
interpretations (just as in PL).

Need to define whether Fis trveinl (I = F', or
I(F) = 1) by induction on F:

* Atom: UR(xy) = 1 iff (I(x),lly)) is in I(R)

* AND:WF/Z\F)=1itt UF) =1 and I(F) = 1

* OR, NOT, ... SAME

We'll deal with quantifiers later



Example 1

a3 e cég-@ B:z<x/\zcy

-finne
Sharks flsh Amphibians Primates  &rabbits Crocodiles Birds

Interpretation:
Eggs with shelli . x = ”Primafesl)
o -y =“Rodent”
- z = o

Is F true in this interpretation?



Example 2

Interpretation:
wnase - X = “Primates”
Amniotic egg q y = ”Kode"‘ru
-z ="“Crocodiles”

Is F true in this interpretation?



Sewmantics of ¥and 3

Extending I(F) to formulas with quantifiers:
* Forall: x:F) = 1 ift lLax)(F) =1 forallainP

* Exists: Udx: F) =1 ifflLa/x1(F) =1 for someain P



Example 1

Is F true in this interpretation?



Example 2

»-&»ﬁ ﬂ d 6‘-@ F: wxy.zlx<y /\ y<z —> x<z)

[ ~ Interpretation:
Eggs with shells 'ef‘l’ phyloge"v free

Is F true in this interpretation?



Exercise 1

Formally express that every two species
have a common ancestor. Show that this is
true in the phylogeny tree interpretation.



Exercise 2

Consider the following interpretation
(social network):

Kelations: Friends/2
D = {people}
|: Friends = {(xy) : x is a friend of y }

Express (the famous) six-degree of separation:
“Every two people have distance six in this graph”



Exercise 3

In the linear arithwmetic (N,+) model, argue
the following formulas are true:

f Yy sy
- Vzdy:y+y=zxzVyt+y+l==x




Exercise 4

Consider the interpretation:
P=401..8)
LR->{(xy)l:y=x-2 221,23 )

Prove that the formula is true:

Va13yi1 Voo dya (R(z1, y1) A R(y1, v2) A R(x2,y2) A R(y2,0))



Exercise §

Consider the interpretation:
P = {integer)}
LR->{(xy)l:y=x-2 221,23 )

Prove that the formvula below is true:

Ve((Jw : 4w = x) — Vz3Ay(R(x,2z) = R(z,y) A (Jw : 4w = y)))

Note: 4w is a “‘macro” for wiw+w+w
(even this is a macro)



Satisfiability/
Validity/Equivalence



Satisfiability/Validity/
(Semantic) Equivalence

* A formula is satisfiable if it is truein
sowme interpretation

* A formula is valid if it is truein all
interpretations

* Two formulas are equivalent if their
truth values are the same under all
interpretations



Exercises

Show that all the following examples
are satisfiable!

Jx : man(x) A -married(x)
(dx : man(z)) — (Vy : man(x))
)) = (Jy : man(zx))

<C
&
=
Qo
=
Rl
i
=
Qo
=
=



Exercises

Point out valid and invalid formulas!

Jx : man(x) A ~married(x)

| i
<
<
=
S
=

<C
&
=
Qo
=
Rl
i
=
Qo
=
=



More exercises

Prove that the following formulas are valid
(Vx(Man(x) — Mortal(x)) A Man(Socrates)) — Mortal(Socrates)
Va(P(z)) = Vy(P(y))

Prove that the following forwvla is not valid

Sr s P A Rl = He Pl ARl



Some equivalences

* Equivalences from boolean logic carry
over fo FOL

* New ones, eq, Pe Morgan’s Laws for FOL:
—dx—-F = Vx F
—lVZL‘—lF =EE ZIZF




Exercise

Prove De Morgan’s Laws!



Ponderables

* What’s the connection between
satisfiability/validity/equivalence?

* Could you give an algorithm for checking
satisfiability/validity/equivalence?

* What about the same problem over
“finite interpretations”? Over “finite
interpretations of size k*?



Roadmap for FOL after
this

* Quantifier-free FOL

* Specialised interpretations: linear
arithmetic, theory of strings (?), theory
of arrays (7), ...



Sowe wmore tutorial
questions



- free(R(xy.e)) = {xy}

- freelF /\ F) = freel(F) U free(F)
- free(—F) = freelF)

- freel ¥x:F) = free(F) - {x}

- freel Ix:F) = free(F) - {x}



Exercises

What are the free variables of the forwmvlas:

dx : even(x)
(Yt R(zx) A Z{x)




More equivalences

If x is not free in the formvula G then:
(Vz : F)ANG =Vx(F A G)
(Jz : F)AG = dz(F A G)




