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2010Agenda

• Overview: What and Why of Formal Semantics
• Operational Semantics for While

– Natural Semantics (Big-step)
– Structured Operational Semantics (SOS, Small-step)

• Extensions of While
– Abortion
– Non-determinism and Parallelism
– Procedures and Blocks
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2010Describing Programs

• Syntax: what sequences of characters 
constitute programs? Grammars, lexers, 
parsers, automata theory. 

• Semantics: what does a program 
mean (do)? When are two programs 
equivalent? When does a program 
satisfy its specification?

OP semantics 4

2010
Semantics: What does a 
program do?

• Hard to get it right!

�• What does the following C statement print 
if �“x==1�”?

printf(“%d %d\n”, x++, ++x);

• Can we replace “f(x)+f(x)” with 
“2*f(x)”?
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2010What does a program mean?

• Compile and run
– Implementation dependencies
– Not useful for reasoning

• Informal Semantics (Reference manual)
– Natural language description of PL

• Formal Semantics
– Description in terms of notation with formally 

understood meaning

OP semantics 6

2010Why Not Informal Semantics?

• An extract from the Algol 60 report:

“Finally the procedure body, modified as above, is 
inserted in place of the procedure statement and 
executed. If a procedure is called from a place outside 
the scope of any nonlocal quantity of the procedure body, 
the conflicts between the identifiers inserted through this 
process of body replacement and the identifiers whose 
declarations are valid at the place of the procedure 
statement or function designator will be avoided through 
suitable systematic changes of the latter identifiers.”
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2010Why Formal Semantics?
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2010Styles of Formal Semantics

Denotational: a program’s meaning is given 
abstractly as an element of some 
mathematical structure (some kind of set).

Operational: a program’s meaning is given in 
terms of the steps of computation the 
program makes when you run it.

Axiomatic: a program’s meaning is given 
indirectly in terms of the collection of 
properties it satisfies; these properties are 
defined via a collection of axioms and rules.
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2010Operational Semantics

OP semantics 10

2010Denotational Semantics
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2010Axiomatic Semantics

OP semantics 12

2010Which approach?



7

OP semantics 13

2010Selection criteria
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2010This Course Unit

• Is based on the first three chapters of the book:
– Semantics with Applications: an Appetizer, by Nielson 

& Nielson

• Uses a simple imperative language: While
to introduce operational semantics

• There will be some mathematics along the way:
• mathematical induction; and
• Structural induction.



8

OP semantics 15

2010Example Language: While

•A simple imperative language without procedures.

•And some extensions of While
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2010Operational Semantics

Input Function

Abstract Machine

Initial
Configuration

Final
Configuration

Output FunctionAnswer

Intermediate
Configuration

Intermediate
Configuration

Transition
Rules

Real World

Program

Source: D. Evans
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2010Operational Semantics

program
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2010Approach
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2010Acknowledgement

• Most of the following slides are taken from
– Slides by Prof. Hannie Riis Nielson: 

Introduction to Semantics

– Slides by Prof. Ralf Lammel: Programming 
Paradigms and Formal Semantics
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2010

Syntax of While
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2010Syntactic Categories 
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2010Abstract vs. Concrete Syntax 
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2010Example: x+(5*y)
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2010Example: x+(5*y)
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2010Other Ambiguities
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2010Example Programs
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2010

Semantics of Expressions

Note: Not really an OP approach;
Semantics of Statements will be formulated in 
an OP way.
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2010Memory Model: State
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2010Semantic Functions

OP semantics 30

2010
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2010

(truth values)
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2010The rules of the game
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2010The rules of the game
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2010A simple result
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2010A simple result and its proof
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2010Structural Induction
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2010A substitution result

OP semantics 38

2010
A substitution result and its 
proof
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2010

Semantics of Statements

OP semantics 40

2010Updating the states
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2010Two kinds of semantics

(Big-step)

(Small-step)

OP semantics 42

2010Natural semantics

Axiom schemas:
they can be instantiated for 
particular choices of x, a and s
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2010Natural semantics

OP semantics 44

2010Building a derivation
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2010Natural semantics
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2010Natural semantics
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2010Summary: natural semantics

OP semantics 48

2010Example
Factotial, x==3
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2010Exercise
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2010

Terminology
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2010Derivation trees

OP semantics 52

2010Exercise
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2010Semantic equivalence
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2010Property of the Semantics
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2010

Lemma 2.5:  while b do S and
if b then (S; while b do S) else skip
are semantically equivalent

Proof part 1:

OP semantics 56

2010

Lemma 2.5:  while b do S and
if b then (S; while b do S) else skip
are semantically equivalent

Proof part 2:
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2010Exercise 

OP semantics 58

2010

Proof principles for
natural semantics
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2010Deterministic semantics

OP semantics 60

2010
Induction on the shape of 
derivation trees
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2010
Why not induction on the 
structure of programs?

•Because the semantics for While-statement is
self-referential.

OP semantics 62

2010
Induction of the shape of 
derivation trees: P(.) holds

(I) Axioms: induction base
(II)Inference rules

D1 D2
P P

< S,  s>  s’P ( )
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2010
Induction of the shape of 
derivation trees: P(.) holds

OP semantics 64

2010Proof of Determinacy
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2010Summary: Natural semantics

OP semantics 66

2010Summary
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2010Homework

OP semantics 68

2010Homework

(Optional)
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2010

Programming Exercise

Code Skelton in ML will be provided

OP semantics 70

2010Goal
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2010Syntax of While in ML

OP semantics 72

2010Expressions
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2010Natural Semantics

OP semantics 74

2010Exercise



x = 1 let x = 1 in ...

x(1).

!x(1) x.set(1)

Small-Step Operational Semantics

Ralf Lämmel

Programming Paradigms and Formal Semantics

2010年6月13日星期
日

© Ralf Lämmel, 2009-2010 unless noted otherwise

Structured operational semantics: describe how 
the individual steps of the computation take place.

2

Structural Operational Semantics

Idea: describe how the individual steps of
the computation takes place

Transition system: (Γ, T,⇒)

• Γ = {(S, s) | S ∈ While, s ∈ State}
∪ State

• T = State

• ⇒ ⊆ {(S, s) | S ∈ While, s ∈ State}
× Γ

Two typical transitions:

• the computation has not been com-
pleted after one step of computation:

(S, s) ⇒ (S′, s′)

• the computation is completed after
one step of computation:

(S, s) ⇒ s′

III.1

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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SOS (statements)

3

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Illustration of transitions

4

Derivation sequence 
(many transitions)

Derivation tree 
(for each single step)

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Statement execution

5

• Start configuration: statement S, state s

• Execution ...

! terminates iff there is a finite derivation sequence starting from�S,s�

! loops iff there is an infinite derivation sequence starting from�S,s�

! terminates successfully if �S,s�⇒* s’ for some s’.

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

Big-step style

Small-step style

2010年6月13日星期
日
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Properties of the semantics

7

Lemma [2.19]

Proof

Proof by induction on the length of  
derivation sequences

Proof by Ind. on Length of Derivation Seq.

Lemma 2.19:

If (S1;S2, s) ⇒k s′′ then
there exists s′, k1 and k2 such that

(S1, s) ⇒k1 s′,
(S2, s

′) ⇒k2 s′′ and
k = k1 + k2

Proof:

We proceed by induction on the number k.

IV.9

Proof by Ind. on Length of Derivation Seq.

Lemma 2.19:

If (S1;S2, s) ⇒k s′′ then
there exists s′, k1 and k2 such that

(S1, s) ⇒k1 s′,
(S2, s

′) ⇒k2 s′′ and
k = k1 + k2

Proof:

We proceed by induction on the number k.

IV.9

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Equivalence of semantics

12

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
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This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

Further composites omitted.

2010年6月13日星期
日
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Definitions and proofs

17

! Three approaches to semantics
" Compositional definitions
" Natural semantics
" SOS

! Three proof principles
" Structural induction
" Induction on the shape of derivation trees
" Induction on the length of derivation sequences

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日

© Ralf Lämmel, 2009-2010 unless noted otherwise

Extensions of While

18

Extended While language

S ::= x := a | skip | S1;S2

| if b then S1 else S2

| while b do S

| abort

| S1 or S2

| S1 par S2

How is the semantics modified?

Are both kinds of semantics ‘equally pow-
erful’?

VI.1

Aborting a 
computation

Nondeterminism

Parallelism

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Adding abort

19

Configurations:

{(S, s) | S ∈ Whileabort, s ∈ State}
∪ State

Transition relation for NS:

unchanged

Transition relation for SOS:

unchanged

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日

© Ralf Lämmel, 2009-2010 unless noted otherwise

NS vs. SOS

• A natural semantics may “succeed” with a final state or it may fail 
to succeed: this could mean both: abortion or nontermination. 
One could extend the set of final configurations to specifically 
distinguish “stuck” configurations due to abort.

• In a SOS, looping is reflected by infinite derivation sequences and 
abnormal termination by finite derivation sequences ending in a 
stuck configuration.

20

≡
≡ ?

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Adding nondeterminism
evaluates to 1 or 4.

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日

© Ralf Lämmel, 2009-2010 unless noted otherwise

NS vs. SOS

• In a natural semantics, nondeterminism suppresses looping, if 
possible, that is, the terminating option will be manifested by any 
transition (derivation tree).

• In a SOS, nondeterminism does not suppress looping, that is, the 
derivation sequence could commit to a choice that leads an 
infinite sequence.

22

Does the following program terminate?

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Adding parallelism
evaluates to 1, 3, or 4.

Adding parallelism S1 par S2

Configurations:

{(S, s) | S ∈ Whilepar, s ∈ State}
∪ State

Transition relation for SOS:

(S1, s) ⇒ (S′
1, s

′)
(S1 par S2, s) ⇒ (S′

1 par S2, s
′)

(S1, s) ⇒ s′

(S1 par S2, s) ⇒ (S2, s
′)

(S2, s) ⇒ (S′
2, s

′)
(S1 par S2, s) ⇒ (S1 par S′

2, s
′)

(S2, s) ⇒ s′

(S1 par S2, s) ⇒ (S1, s
′)

VI.7

Adding parallelism S1 par S2

Transition relation for NS:

(S1, s) → s′, (S2, s
′) → s′′

(S1 par S2, s) → s′′

(S2, s) → s′, (S1, s
′) → s′′

(S1 par S2, s) → s′′

VI.8

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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NS vs. SOS
• In a natural semantics, the execution of the immediate 

constituents is an atomic entity. Hence, we cannot express 
interleaving of computations.

24

• In a SOS, small steps are modeled and hence interleaving is easily 
expressed.

evaluates to 1, 4.

evaluates to 1, 3, or 4.

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Blocks and procedures

25

Blocks and Procedures

S ::= x := a | skip | S1 ; S2

| if b then S1 else S2

| while b do S

| begin DV DP S end

| call p

DV ::= var x := a; DV | ε

DP ::= proc p is S; DP | ε

How is the semantics modified?

VII.1

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日

© Ralf Lämmel, 2009-2010 unless noted otherwise

Semantics of var declarations

26

Blocks and variable declarations

Extension of semantics of statements:

(DV , s) →D s′, (S, s′) → s′′

(begin DV S end, s) → s′′[DV(DV )#−→ s]

Semantics of variable declarations:

Typical transition:

(DV , s) →D s′

defined by

(DV , s[x #→ A[a]s]) →D s′

(var x := a; DV , s) →D s′

(ε, s) →D s

VII.3

Blocks and variable declarations

Extension of semantics of statements:

(DV , s) →D s′, (S, s′) → s′′

(begin DV S end, s) → s′′[DV(DV )#−→ s]

Semantics of variable declarations:

Typical transition:

(DV , s) →D s′

defined by

(DV , s[x #→ A[a]s]) →D s′

(var x := a; DV , s) →D s′

(ε, s) →D s

VII.3

Blocks and variable declarations

Extension of semantics of statements:

(DV , s) →D s′, (S, s′) → s′′

(begin DV S end, s) → s′′[DV(DV )#−→ s]

Semantics of variable declarations:

Typical transition:

(DV , s) →D s′

defined by

(DV , s[x #→ A[a]s]) →D s′

(var x := a; DV , s) →D s′

(ε, s) →D s

VII.3

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Scope rules

27

• Dynamic scope for variables and procedures
• Dynamic scope for variables but static for procedures
• Static scope for variables as well as procedures

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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Scope rules

27

• Dynamic scope for variables and procedures
• Dynamic scope for variables but static for procedures
• Static scope for variables as well as procedures

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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日
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Dynamic scope
for variables and procedures

28

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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日
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Dynamic scope
for variables and procedures

• Execution

28

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Dynamic scope
for variables and procedures

• Execution

! call q

28

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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Dynamic scope
for variables and procedures

• Execution

! call q

! call p (calls inner, say local p)

28

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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Dynamic scope
for variables and procedures

• Execution

! call q

! call p (calls inner, say local p)

! x := x + 1 (affects inner, say local x)

28

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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Dynamic scope
for variables and procedures

• Execution

! call q

! call p (calls inner, say local p)

! x := x + 1 (affects inner, say local x)

! y := x (obviously accesses local x)

28

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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Dynamic scope
for variables and procedures

• Execution

! call q

! call p (calls inner, say local p)

! x := x + 1 (affects inner, say local x)

! y := x (obviously accesses local x)

• Final value of y = 6

28

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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NS 
with 

dynamic 
scope rules

using an
environment

29

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).

2010年6月13日星期
日
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Dynamic scope for variables 
Static scope for procedures

30

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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Dynamic scope for variables 
Static scope for procedures

• Execution

30

Scope rules

• dynamic scope for variables as well as
procedures

• dynamic scope for variables but static
scope for procedures

• static scope for variables as well as
procedures

begin var x := 0;

proc p is x := x * 2;

proc q is call p;

begin var x := 5;

proc p is x := x + 1;

call q; y := x

end

end

VII.4

This slide is derived from the book & slides by Nielson & Nielson: “Semantics with applications” (1991 & 1999+).
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Dynamic scope for variables 
Static scope for procedures

• Execution

! call q

30

Scope rules

• dynamic scope for variables as well as
procedures
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• Updated environment

• Updated environment update

• Updated rule for calls

• Recursive calls
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Formal semantics 
omitted here.
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