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We have covered so far

« Terms: variables, abstractions, and applications.
« a-equivalence avoids dependence on bound-variable names.
* p-reduction: (A\z.t) u — 4 tlu/z].

Today, we will use A-calculus as a programming language, then study two
aspects of reduction: evaluation strategies and confluence.



DEFINING DATA IN A-CALCULUS



CHURCH ENCODING: DATA BY BEHAVIOUR

A Church-encoded value is represented by what it does to its eliminators.

Boolean chooses between two branches
Natural number iterates a function a fixed number of times



CHURCH ENCODING OF BOOLEAN VALUES

Boolean values and conditional expressions can be encoded as combinators.
Boolean values
True = ry.x
False:=\zy.y
Conditional
if:=Xbzy bay
if Truetu —»gt

1f Falsetu—»5u
for any two A\-terms ¢ and w.

Thus a Boolean value is represented by its eliminator: it receives the ‘then’
branch and the ‘else’ branch, and selects one of them.



EXAMPLE

if Truetu= (Nbzy.bxy) (Ary.z)tu
—s (Azy.x)tu

—*gt



Define the following terms directly without using if. Hint: a Boolean value is
already a conditional.

« Negation: not such thatnot True —»4 False and not False —»; True.
« Conjunction and.

- Disjunction or.



CHURCH ENCODING OF NATURAL NUMBERS, |

Natural numbers and arithmetic operations can also be encoded.
Church numerals
cy:=Afz.zx
c, =Mz fzx
cy =Nz f(fx)
Cpiq = Afz. [P (z)
where f1(x) := f z and f**(x) := f (f*(x)).

A Church numeral receives a function f and an initial value x. The numeral c,,
applies f to x exactly n times.



CHURCH ENCODING OF NATURAL NUMBERS, Il

Successor
succ:=An.Afzx. f(nfx)
SUCC €,, —#3 Cp iy
Addition
add == nm. A\fz.n f(m fx)
addc,, ¢, —5 C,pppy
Zero test

ifz:=X nzyn(Az.y)x
1fzegtu—»gt

ifze,, tu—rgu



EXAMPLE

succcy =AnAfz. f(nfz)) ey
3 Afx. f(c, fx)
—sg Afz. f(fx)

= Cs.



1. Evaluate succ ¢y and add c; c,.
2. Define the multiplication mul over Church numerals.

3. (Hard) Define the predecessor pred, i.e. pred ¢, ,,, =4 c,.
Hint: use pairs to keep track of both the current and previous numeral.



RECURSION IN A-CALCULUS



WHY DIRECT SELF-REFERENCE IS NOT A TERM

The summation Z?;O i, forn € N, is typically described by self-reference as

(n) 0 ifn=0,
sum(n) =
n+ sum(n—1) otherwise.

In the pure A-calculus, this cannot be expressed by directly naming sum inside
its own definition. That is, the equation

sum = An.1fz n ¢y (add n (sum (pred n)))
is a recursive equation at the meta-level, not a A-term.”

A term cannot refer to its own name, but self-reference can still be encoded.

"Here = denotes meta-level equality, whereas =4 denotes object-level equality of A-terms.
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GENERAL RECURSION AS A FIXED POINT

Instead of referring to sum by name, define a functional G. The argument f of
G fis the recursive call that the body is allowed to use:

G:=Af.2n.1fznc, (addn (f (predn))).

Thus G f computes one step of summation, assuming that f computes the
smaller recursive calls. A recursive summation function should then satisfy

sum =4 G sum.

If we have a fixed-point combinator Y producing a fixed point of G, then
sum:=YG, YG =45 G (YQ).

Therefore, in the body of G, the variable f is instantiated by YG itself:
YG =5 An.ifz ncy (add n ((YG) (pred n))).
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CURRY'S PARADOXICAL COMBINATOR

Proposition 1
The Y combinator defined as

Y = Af.(A\z. f(zx)) (Az. f(zx)).

is a fixed-point operator; that is, for every A\-term F, YF =5 F(YF).

Intuitively, YF defines recursion, while F' describes one-step unfolding of the
recursive definition.

Exercise
Verify that YF =, F(YF) for any term F.
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SUMMATION VIAY

Using the functional G from the previous slide, define
sum:=YG.

Also let
G = (A\.G(zz)) (A\.G (z x)).
Then YG — 4 G’, and hence
sume; —5 G’ ¢y
—5(GG)c
—5 (An.ifz n ¢y (add n (G’ (pred n)))) ¢,
—51fz c; ¢y (add ¢, (G’ (predcy)))

—>B e
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EXERCISE: IDENTIFYING THE RECURSIVE CALL

Consider
G:=\fn.1fzncy (addn (f (predn))).

1. What role does the variable f play in G?
2. Write out G (YGQG).

3. Explain why YG behaves like the summation function.
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Reduce
sum c,

far enough to see the recursive calls

add c, (sumc,), add ¢; (sumcy).

You do not need to expand the definitions of add or pred.
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TURING'S FIXED-POINT COMBINATOR

Curry’'s combinator satisfies
YF =, F(YF),

but the term YF' does not reduce literally to F(YF).
Turing's fixed-point combinator has the stronger reduction behaviour:
OF —» 5 F(OF).
Proposition 2

Define
©:= A\ f. f(zzf)) Az f. f(zzf)).

Then OF —» 5 F(OF).

Exercise
Show that ©F —» 5 F(OF).
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EXERCISE: FACTORIAL

Define factorial using a fixed-point combinator, for example
fact:=YGy,, or fact:=0G,.
That is, find a functional G/, such that

fact ¢y —»5cy, facte, ; —»gmulec,,, (factc,).

Assume that ifz, pred, and mul have already been defined.
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EXERCISE: DIFFERENT REDUCTION CHOICES

Let G be the summation functional defined above, and let
T :=(0G) ((A\x.x) cq).
1. ldentify two different 5-redexes in 7.
2. Reduce the argument first:
(0G) ((Az.z) c1) —45 (OG) c;.
3. Unfold the fixed point first:
(0G) (A\z.x) ¢)) —»5 G(OG) ((Mz.2) cy).

4. Continue both paths far enough to see that they are computing the same
recursive call.
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EXERCISE: DIVERGENCE FROM FIXED POINTS

Let
G:=M\f.f.

Study the behaviour of
YG.

1. Show that YG =5 G(YG).
2. Reduce G(YG).
3. Does this term terminate?
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EXERCISE: A BAD REDUCTION CHOICE

Let
Gy :=Afn.cy
and define
zero :=YGy.
Intuitively, zero should ignore its argument and return c,,.
1. Show that, by unfolding the fixed point once,
zero cg =5 Go(YGy) ¢35 —» 5 co.
2. Now expand YG:
YGy —5 (Ar. Gy(z 7)) (Az. Go(T 7).

What happens under a call-by-value-Llike strategy that tries to evaluate the
argument of G, before reducing the redex G,(---)?
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FROM PROGRAMMING TO REDUCTION THEORY

Fixed-point combinators make recursion possible in the pure \-calculus, but
they also expose two fundamental issues with unrestricted reduction.

Non-determinacy A term may contain several S-redexes. Reducing different
redexes first may produce different intermediate terms:

t—»gty, t —»gty.
Divergence Some reduction choices may unfold a recursive call forever, even

when another choice would quickly reach a result.

The next two topics address these issues.

Evaluation strategies How should a programming language choose which redex

to reduce?
Confluence If two reduction paths start from the same term, can they be joined

again?
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EVALUATION STRATEGY




EVALUATION STRATEGIES |

An evaluation strategy is a procedure for selecting which 3-redex to reduce at
each step of computation.

Formally, an evaluation strategy is a subrelation —_, of the full one-step
B-reduction relation — ;.

Innermost B-redex A B-redex that contains no other 3-redex.
Outermost 3-redex A 3-redex that is not contained in any other 3-redex.
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EVALUATION STRATEGIES Il

Leftmost-outermost strategy (normal order) Reduce the leftmost outermost
p-redex first. For example,

(Az. (Ay.y)z) (Az. (M\y.yy) @)
—r5 Ay-y) Az (Ay.yy) )
—g AT (Ay-yy) T

— 5 (Az. T T)

+s
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EVALUATION STRATEGIES Il

Leftmost-innermost strategy Reduce the leftmost innermost 3-redex first. For
example,

(Az. (Ay.y) ) (Az. (My.yy) x)
(Az.z) (Az. (Ay.yy) )

(Az.z) (A\z.xx)
(Az.z )

QQQ

8
8

Ax.
_’L>B

Rightmost-innermost and rightmost-outermost strategies These are defined
similarly, but choose the rightmost candidate redex instead.
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CBV VERSUS CBN

For terms with free variables, take values to be variables and abstractions:

V=g | Az t.

Call-by-value Reduce a redex (Az.t)V only when the argument is already a
value V; do not reduce under abstractions.

Call-by-name Reduce the leftmost outermost redex without first evaluating its
argument; do not reduce under abstractions.

Proposition 3 (Determinacy)
Each fixed evaluation strategy is deterministic. That is, if t —, v, and
t —>ev U/Q, then ul - UZ.
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Let
Q:=(Az.xzx)(\r.xx), K, = \zy.x.

Compare the behaviour of
K, zQ

under call-by-name and call-by-value.
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NORMALISATION

Definition 4

1. M isin normal form if M —Aﬁ N for every term N.
2. M is weaRly normalising if M — 5 N for some term N in normal form.

Q:=Az.zz) A\zr.xx), K, :=\ry.x.

1. Qis not weakly normalising.

2. K, is normal, and hence weakly normalising.

3. K; 2z Qis weakly normalising.
Theorem 5

The normal-order strategy reduces every weakly normalising term to a normal
form.
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CONFLUENCE




NONDETERMINISM OF 5-REDUCTION

Multi-step 3-reduction is nondeterministic: a term may contain several
B-redexes, and reducing different redexes first may produce different

intermediate terms.
B/ \*

Uy B uy

Confluence does not say that every strategy terminates. It says that different
successful reduction paths are compatible: if two reducts are reached, they can
be joined by further reductions.

Uy Ug
\*ﬁ/
B v *
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EXAMPLE: JOINING GENUINELY DIFFERENT REDUCTS

Let T := (Az.z ) ((\y.y) 2). There are two different first reduction steps:

T

outer inner

(Ay-y) 2) (Ay-y) 2) (A\z.z ) 2

The first two reducts are different, but confluence says that further reduction
can join them.
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CONFLUENCE

Theorem 6 (Confluence)
Ift —» 5 u; and t —s 5 uy, then there exists a term v such that u, —» 4 v and

[N

Ny

The term v is called a common reduct of u, and u..

Ugy —»B V.

Confluence lets us reason about computational equality by reducing both sides
to a common reduct. Its proof is a bit involved, so we ignore it for now.
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USING CONFLUENCE

Proposition 7
If t =4 u, then there exists a term v such thatt —»; v and u —» g v.

ldea.

The relation = is generated by — g, reflexivity, symmetry, and transitivity.
Confluence handles the cases where reduction paths go in different

directions. O

Corollary 8
Ift and u are both normal forms and t =4 u, then t =, u.
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Show that if t =4 v, then there is a common reduct v of ¢ and v; that is, t —»5 v
and u —» 5 v by induction on the derivation of ¢t =5 w.
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PROOF OF CONFLUENCE




TAKAHASHI'S PROOF OF CONFLUENCE

Proving confluence can be tricky. This section presents a direct strategy based
on the notion of complete development, which contracts as many 3-redexes as
possible statically.

The complete development M* of a A\-term M is defined by

:L,*

*

(Az. M)* = \z.
(Az. M) N)* = M* [N*/x]
(M N)* = M*

*

if M 2 Az, M.



CONFLUENCE: PARALLEL REDUCTION

Let M =45 N denote the parallel reduction relation defined by the following

rules.
E=pt M N =, M N’
(Az. M) N =5 M'[N’/x]
For example,

(Az. (A\y.y) =) ((Mz.z) false) =4 false,

because (\y.y) * =>4 x and (\z.x) false =4 false.



CONFLUENCE: PROPERTIES OF PARALLEL REDUCTION

Lemma 9

1. M =>4 M holds for every term M,

2. M — 5 N implies M =4 N, and

3. M =4 N implies M —»5 N.
In particular, M =} N if and only if M —» 5 N.

Lemma 10 (Substitution respects parallel reduction)

If M =43 M" and N =45 N’, then M[N /z] =5 M'[N’ /z].
Theorem 11 (Triangle property)

If M =5 N, then N =5 M".

Proof sketch.
By induction on the derivation of M =5 N. O



STRIP LEMMA

Lemma 12 (Strip lemma)
If L =7 M, and L =>4 M,, then there exists a term N such that M, =43 N

and M, =} N; that is,

Proof sketch.
By induction on the derivation of L =} M,. O



CONFLUENCE

Theorem 13

If L =} M, and L =} M,, then there exists a term N such that M, =} N
and M, =} N.

Corollary 14
The relation — 4 is confluent.

This follows because M =} N is equivalentto M —» 4 N.
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