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The Two Variable Rules

x AET x AEΔ
Dittx A D.tt A



The Two Variable Rules

x AET x AE Δ
Ditt x A Δ P t A

Mark each modal variable



The Two Variable Rules

x AET x AE Δ
Ditt x A Δ P t A

Mark each modal variable

This is very annoying



An Alternate Presentation

A b A B A

q ok valid x A ordinary
variable

0 10 A q
A valid bu

Or e Aq
Typing judge parameterized

by mode



One Context 54
x AqeO
Or x Aok

0 x Aok te B ok Ote A Bok Otez Aok
Of Axe A Bok Ote e Bok

Ot e A valid Ote A ok 0 x Avalidrez Bok
Of boxle A ok Otlet box x e ine Bok

OD re Aok
Ote A valid

C Delete the ok
O x Aok 01
Oix A valid OB A valid

variables



Proving Equivalence
Define let as lel deletes

121 modal variable
121 annotations

boxtell box tel
let box x e inert let boxle le in eat
Ax A el Ax A el
le ez lie lez



Proving Equivalence
Define split 8 Dir

split i

split O x Aok let Dir split G in Δ T.scA

split 0 x A valid let Air split O in Apa A T

Properties
If split O Air then

1 split OD D
2 if x A ok 0 then x AE F
3 if x A valid EO then x A C Δ

Proof By induction on 0



Embedding
If 0 re Aok
then Fe D F sit Air split 6 le't e Arte A

Prod By induction on Ote A



Embedding
If Ote Aok
then Fe D F sit Air split 6 le't e Arte A

Case x Age 0
Of x Aq

let Air split G
Subcase of ok

Then x.AE T
Air x A by rule
Choose e x

Subcase q valid
Then x A Δ
Dirt A by rule
Choose e I



Embedding
If Ote Aok
then let Air split 6 and Fe's.t le e and Δ r re A

Case
0 x Aok te B
Otan A e A B

split O x Aok Δ Bx A By definition of split
1 Δ Mx Ate B By induction
2 le t e
3 D r t Axe A B By rule
4 Choose e Ax e

5 Note lax.ee Ax le By definition
6 17k e Ax.e By 2



Embedding
If O te A ok
then let Air split G and Fe's t le't e and Δ r re A

Or e A Bok O tez Aok
Case Ore ez B

Let split O Air
1 Dir re A B By induction
2 Ie e
3 Dir ted A By induction
4 lez e
5 Air telez B By rule
6 Choose e e ez
7 Observe leiest le t leil By definition

e let By 2
e ez By 4



Embedding
If Ote Aok
then let Air split 6 and Fe's.t le e and Δ r re A

Odre Aok
O te A valid

Case Of boxle Aok

Let split O Air
1 split OD D By lemma
2 D te A By induction
3 le e
4 Dir t boxle A By rule
5 Choose e boxle
6 I boxle box le't By definition
7 box e By 3



Embedding
If Ote Aok
then let Air split 6 and Fe's.t le e and Δ r re A

Ore Aok O.sc Avalid tez B ok
Case Otlet box c P ine Bok

Let split O Air
1 split O x Avalid A x A f By definition
2 Dir t e A By induction
3 Ie e

4 Δ x Airtel B By induction
5 lez ez
6 Airflet boats e ine B By rule
7 Choose e let boala e ine

8 Ilet boats e ine let boala e ine By 3,5



Multiple Modalities

If there are multiple modalities

We need a context for each one

n modalities n contexts

The single context style works better
with many modalities



Adding Additional Modalities

The A modality must validate

K A B A B

T A A

4 A A



Adding Additional Modalities

The A modality must validate

K A B A B

T A A

4 A A

Other weaker modalities exist



The K modality

The weakest well behaved modality
satisfies

K A B A B



An Alternate Presentation

A b A B A A

q ok I valid later

0 0 x A q

Or e Aq
Typing judge parameterized

by mode



Onecontext
54x.Aqe

qefok.valid
Or x Aok

0 x Aok te B ok Ote A Bok Otez Aok
Of Axe A Bok Ote e Bok

Ot e A valid Ote A ok 0 x Avalidrez Bok
Of boxle A ok Otlet box x e ine Bok

OD re Aok
Ote A valid

a

0 x Aok O
Delete the ok

Oix A valid OB A valid
variables

0 x A later OD



Adding a K type modality

O r e A later
Or Sle Aok

Ore Aok 0 x A later t ez B ok
Or let 86 e in ez Bok

O't e Aok
Ore A later 1

0 x A valid O x A valid
Opc A later 0 x A ok
O x Aok 0



Weakening
O

OEO OEO
0 x Aq E Oix Aq OEO X Aq

Properties
1 If X Aq E O and 0,102 then x Age 02
2 If 0 EQ then 09509
3 If 0 EO then O EO

4 OEO

5 If O E 02 and 0250 then 0 EQ



The Weakening Lemma

If O 20 and Ote Aq then 0 re Aq

Proof By induction on the derivation Ore Aq



The Weakening Lemma

If 0220 and O te Aq then Ozte Aq

Case Oite A later

0 t Sle A ok

1 02 I 0 By assumption
2 O te A later subderivation
3 Oct e Alater Induction
4 02 t Sle A ok Rule



The Weakening Lemma

If 0220 and O te Aq then Ozte Aq
0 re Aok

Case Oite A later

1 02 I 0 By assumation
2 02 20 properties of
3 Of t e A ok Subderivation
4 02 t e Aok Induction
5 Oct e A later Rule



The Weakening Lemma

If 0220 and O te Aq then Qte Aq

Case Of e A valid
0 boxle B A ok

1 02 I 0 By assumption
2 O te A valid subderivation
3 O te Avalid Induction
4 02 t Sle DA now Rule



The Weakening Lemma

If 0220 and O te Aq then Ozte Aq

OP re Aok
Case or e A valid

1 02 I 0 By assumation
2 02 0 properties of
3 O t e Aok Subderivation
4 Oft e Aok Induction
5 Oct e Avalid Rule



The Weakening Lemma

If 0220 and O te Aq then Qte Aq

Cage O.sk Aok t e B ok
0 t Ax A e A Bok

1 02 2 0 By assumption
2 02,2 A ok Q x Aok By rule
3 Osx Aok t e Bok Subderivation
4 Ozon Aok t e Bok Induction
5 Oct Ax A e A Bok Rule



The Weakening Lemma

If 0220 and O te Aq then Ozte Aq

Case Oite A B Oire A
O te ez B

1 02 I 0 By assumption
2 O te A B subderivation
3 Oct e i A B Induction
4 O rez A subderivation
5 Oz t.cz A Induction
6 Ozte ez B Rule



The Weakening Lemma

If 0220 and O te Aq then Ozte Aq

Cage Oite A O.sk Avalid tez Bok

O tletbox.la e inez B ok

1 0210
2 Oite A

By assumpton
Subderivation

3 O te DA Induction
4 02 x A valid O x Avalid Rule
5 Orix A valid tea B now Subderivation
6 Ozox A valid tea Brow Induction
7 Oct let boxla e inez B now Rule



The Weakening Lemma

If 0220 and O te Aq then Ozte Aq

Cage Oite A i K Alater tez Bok

O t let 86 e inez B ok

1 02 10 By assumpton
2 O te A subderivation
3 O te A Induction
4 02 x A later I O.scAvalid Rule
5 O x A later tea B now Subderivation
6 Ozox A later tea B now Induction
7 Oct let 86 e inez B now Rule



Substitution
0 to O Ot e Aq

Oto O
Ot Orco e xq 0 x Aq

C
O e x valid else valid O e x valid t.se xralid
o.e x later OD 5 else later 0 else ok
6 else ok oD 6 else ok o

Properties If Qro O then

1 Oft 8D 0

2 0 0 0



Applying Substitution

o x e if x g e o n q later
o box e box on e

o let boxed e inez letbox to e in o abode
o Sce S G e

To let864 e inez let 8 to e in to abode
a Ax A e Ax A 0 x Be
o e e to e to ez

Joke To e

oglateve e

a
valid e OBJ e



Weakening Substitution

If 022 0 and 0 to 00 then Orto O

Proof By induction on 0 to 00



The Substitution Lemma

If Oz to O and 0 he Ag then Otto e Aq

Proof By induction on O re Aq



The Substitution Lemma

If Oz to 0 and 0 he Aq then Ortto Aq
0 t e A ok

Case Qr e A later

1 Oct 5 O Assumption
2 0 t 0 O Property of substitution
3 Of t e Aok Subderivation
4 0 t of e Aol Induction
5 O t of e A later Rule
6 Oct a

later
e A later Def of 038



The Substitution Lemma

If Oz to O and 0 he Aq then Ortto Aq
OP re A ok

Case Qr e A valid

1 Oct 5 O Assumption
2 02 t OD OP Property of substitution
3 Of t e A.pk Subderivation
4 Opt OD e Aol Induction
5 O t of e A valid Rule
6 Oct a

d
e A valid Def of 038



The Substitution Lemma

If Oz to O and 0 he Aq then Otto Aq
O te A valid

Case Qr boxle A ok

1 02 to O Assumption
2 O te Avalid subderivation
3 02h 6 Valide A valid Induction
4 021 box a tide A ok Rule
5 Oct to box e Aok Def of o and o



The Substitution Lemma

If Oz to O and 0 he Aq then Ortto Aq
O re Alater

Case Qr Sle A ok

1 02 to O Assumption
2 O t e A later subderivation
3 Ozt o atere A valid Induction
4 021 8 a lide A ok Rule
5 Oct to s e Aok Def of o and o


