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The Design Invariant

If j tf E E

then f is a monotone function































































Posets

A partially ordered set is

e Set E C Xxx

sit xeX Ex

x y if I Ey and y Ex then x y

x y Z if KEY and yEZ then KEZ































































Monotone Functions

If X Ex and Y Ey are posets

f X Y is monotone when

x x'eX if x Exe then fix Ey flat































































New Posets from Old

If E is a finite set then

PCE is a poset































































New Posets from Old

If X Ex and Y E are posets

X Ex X Y Ey XXX Exxy

where

x y Exxy x1 y iff Exx and yEy































































New Posets from Old

1 E is a poset

where

E































































New Posets from Old

If X Ex and Y Ey are posets

X Ex Y E X Y Exty

where

in x Eph x iff Ex 21

inz y Exty inzly iff y Ey y































































New Posets from Old

If X Ex and Y Ey are posets

X E Y Ey Y Ex
where f Exp f iff

x x if Ex then floc f x































































New Posets from Old

If X Ex is a poset

X E X F is a poset

This replaces the partial order
with equality making the order

discrete































































The Strategy

1 Associate a poset to each typ
2 Associate a poset to the context

3 Show that each Dir re A is

monotone

4 Learn denotational semantics



Syntax
Types A B 1 AxBlA B A B SE I A

Egtypes E F 11 Etf I ExF I E

r T.sc A Δ Doc A

e I e e tile I a e le e l in e

I case e infe I level forate e Ise
boxfel let box a e in e

I fix x L e le le le ez empty e

Δ Fte A



Typing

a AET
p p

Dirte A Airrez Az

Dirt x A Dirtee es

AixAzDitteAixAzDiFx Ate
BDirtax.eAyB

Airtel B Dirrezia
Dirtitile Ai Dirte e B

Dirte A Airte AitAz Diba A te B Dire Aztez B
Dirtinifel A tAz Dirt casele in x e sinated B



Modal Typing
x AEΔ
Air x ̅ A

D he A
Dirt box e A

Ditte A D a Air tea B
Δ r t let box a e inez B



Data Structures
Δ re E E F I ETF ExF I E

Δ r t e E

Dirt E
D x E t e E

Δ Tre E D Ltez E Δ f t fix x e E

Δ r t e Ue E

Dirt ei E D x E T t e F

Δ f t for xee ez F

D te E Di tea E Di he 1
Airtel ez

fitemptypool1 1



A Poset For Each Type

I D Type Poset

11 1

A BD A EBD
At BD AD IBD

XD XD XD
DAD IAD

E B let E E ED in

PCE E



A Poset for the Context

I 1 E 1

T.sc AD rDx AD EA x AD IDDx DEAD

I

These have
order These are

discrete



An Observation

The Set A E B EB is just
the regular functions A B

Suppose feA

To show it is monotone at A Ea BED

WTS x x if x x then floc for

But this is trivial



An Observation

The Set A E B EB is just
the regular functions A B

Suppose feA

To show it is monotone at A Ea BED

WTS x x if x x then floc fac

But this is trivial

So A gives us the usual functions



The Semantics

If Δ r r e A then

Δ rte ADE EAD ITD EAD

t
monotone

Theorem
If 8,2 E 812 then

Dir re A 5,0 E ED r re A Sig



The Semantics

airit.it Dcs.o tier

Dirt 11 11 8,81

Air t ene Ax BD 8,0

let a D r t e A 8 a

let b Δ r t ez BD S g

a b



Ex A y B Z CD

AXA B C

T 8 IT CIT II 8

If 8,2 E 21,21

then 8 8



The Semantics

Di r t ti e A D S a

let a az Dir re A Az 8,0 in
a

Δ r t Axe A B D S 2

Aae EAD A T x A re BD S C2 a

Air r e e BD s g

let f Dir t e A BD 8,2 in

let a Air tez A 8 8 in

f a



F
Aae EAD EA t x A re BD S C2 a

If 88

EGAD EBD

Aae EAD EA t x A re BD S Cha
F

aEa Fa E F'a

Ai Tx A re BD S C2 a Ep
8 8

aca

A.ir x A re B S Cata
a a E a a



The Semantics
Δ r r in e A A 8,0
let v Dir re Ai 8,0 in

H v

Dirt case e.in e BD 8,0

Let v Δ r t e A Az 8,2 in

5 Δ t x A h e B D S Cy v when v t v

Δ T z A t e B D S Cy v when v 1zv



The Semantics

DÑ É A 8,0 Ti s

Δ r t box e AD S a

D t e A S

Δ r t let box a e in ez B 8,8
let a Dirt e A D 18,2 in

Δ x A i r r e B D S a 2



The Semantics

Air t e E D 8,2 D re E DCS

Dir to E 8,0 8

Dir re ve E S g

let X Dir re E D s g

let Y Δ r te E D s s

UY

Dir re ez boot 8,0
let v D te ED S in

let u Δ tez E D S in

V V2



The Semantics

Δ r t e E D 8,2 D re E D S

D r t E D 8,0 8

Dir re ve E s g

Let X Dir re E D s g

let Y Δ r te E D s s

UY



The Semantics

Δ f t for nee ez F 8,2

let X Air re E B 8,0 in

D x E F t ez F D Ssr g

Δ r t fix a e E D S 8

let F AXE EID Δ x Eft e E 8

Hp F Tax P IED



Denotational vs Operational
In this case we used a denotational

semantics

Operational semantics is also possible
but messier


