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changes
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false
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time
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ago
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Boolean Logic

P Q PAQ P Q PVQ P P

T T T T T
T

T F
T F F T F F T
F T F
F F F E E E

n 2 2 The set of
V 2 2 2 truth values

7 272 T F
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F P

Time Proposition

At time t P holds
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Semantics of Temporal Logic
F T iff always
F PAQ iff FP and F Q

F iff never

F PVQ iff FP or F Q

K P Q iff if F P then Q

t never changes where is time



Temporal Connectives

t F P iff t EFP

always P

LF P iff t FP

eventually P
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Examples
Let Rains be true when it rains false otherwise

Rains Eventually it rains

Rains Always it rains

A Rains Always it eventually rains

Some formulas are always true

Other formulas are not
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Validity
P is valid when

t EFP

P is true at every time

P is a tadogy of temporal logic



Axioms for

K P DQ Pra

T DP P

4 P P
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Proof

Assume t t t FP

t t t'FQ

WTS t t t FP and t FQ

Assume t t
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Modal Tautologies
t if Vt t EFP

then t t t t.tl EP

Proof Assume t
Assume t t t F P

Assume tist
Assume t I
By transitivity t t

Hence t FP
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K P ADQ A P AQ

T P AP

4 AAP P
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Proof Assume t

Assume tF P
i

Choose t for t

We want to show t t and tFP

Note t t by reflexivity
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4 I P IP is valid
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t if It t IF IP then tk P
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t if t t Est FP then t t FP
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Modal Tautology 4
t if t t E t FP then t t Z FP

Proof Assume t

Suppose t t t E t FP

WTS t t t FP

Choose t to be t

WTS t t and t FP

Since t t and t t t t by transition

FP by assumption
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Modal Tautology K

t if Vt t LEP and It t Q1 then t.FI PAQ

Proof Assume t

Assume t t P A t t Q

WTS t t sit t f P and t FQ

Choose t to be

WTS t t t FP and t Q

By assumption t't and t Q

Since sit and t'sit t P t P



Summary of Temporal Logic

P TIP AQ P Q I PV Q P P

K P ADQ Pna K PA Q PQ

T P P T P AP

4 DP P 4 AP IP



Kripke Structures

A Kripke Frame is

Weset REWxw

I
worlds accessibility relation



Kripke Semantics

A Kripke Model F Wx Propst
W F iff never

WF Pro iff WFP or wt Q

WF T iff always
WE PnQ iff WFP and wkQ

WFP Q iff if WFP then wFQ

WE P iff w if wRw then n'EP

WFAP iff w if wRw then w'FP
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54 Modal Logic
K P ADQ Pna K PAQ Pro

T DP P T P IP

4 DP P 4 P IP

Frame W R is

Reflexive wRw

Transitive if w Rw Awakws then w Rw

Such Frames are 54 modal logic
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Kripke Semantics

Different Kripke Semantics

Different Modal Logics

Different Meanings of and I
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Kripke Frame Time

instants
in

time temporal
ordering

P Always P

P Eventually P
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Example 2 Epistemic Logic

Kripke Frame knowledge

sets of
known facts increase

of known
factsP Always know P

P Possible to know P
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Example 3 Spatial Logic

Kripke Frame L m

locations
lol if there is a

path between l and I

P P holds at every location reachable from here

P P holds somewhere reachable from here



Proof Systems for Modal Logic

IP IP work for any Kripke Frame

The current world is implicit

Kripke semantics makes worlds explicit
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Natural Deduction

P Q TIP QIP Q PV Q

r P P

T t P means

Judge P to be true under

assumptions r
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Per
Pt P PTT

TLP TtQ Pt P AP

PtP Q TTP

T.PL Q PtP Q PTP

PtP Q PᵗQ
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Pᵗ TTP Pt Q

PTP PtPVQ PtPVQ

Wurrunurrurrurry



NWUUUUUUUNNNNNWWvatu.at Deduction

Tᵗ TTP Pt Q

PTP PTPVQPI

PVQPTPVQT.PL

A TQtA
1 A
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Natural Deduction for 54

P TIPAQI P Q PrQ P

F IP P

Δ Δ P

D Tt P

If P is true here and Δ is always true

then P is true here
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Per
Δ T t P Δ Pt T

DITLD TtQ Di Pt P 112
PtP Q Dirt P

A P Pt Q ΔTtP Q DPTP
Δ P tP Q Δ P Q
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Δ Tᵗ

DITTPDPTQDIPTPDPTPVQD.TTPVQDITTPVQDIT.PL

A Δ QtA

AT A
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Natural Deduction for 54

PED D tP

Air P Δ T P

Dirt P Δ P Pt Q

ΔirrQ



Why These Rules

D TTP

If P is true here and Δ is always true

then P is true here

Think

Δ nF P is valid
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PED
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P Pn
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i t R
Δ T R

P Pn Qi Qic

Lemma If wF P and wRw then w'F D

Proof Assume WF P w if wRw then w FP
Assume WRW
WTS w FDP w it w'Rw then w FP
Since wRw and w'Rw by transitivity wRw
By assumption w FP
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Box Introduction
f Pin DPn R valid

then P n ADP nQ AQ R valid

roof Assume w if WFDP and WFDP then WFR

WTS w if w P and WFDPn and wkQ thenWFDR

Assume w WF DP WF Pn wkQk

WTS w if wRw then w FR

Assume w's.t wRw

By lemma w F P w F Pn
Using the hypothesis w't R
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then Ax 1 Q
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Box Elimination
If AT P is valid
and ANDPAN Q is valid

then Ax 1 Q

Proof Assume w if wk and wtf then WFDP 11

Assume w if wk andwkDPand wtf then wFQ

WTS w if w FBA and wtf then wtQ

Assume W K Δ WET



Box Elimination
If AT P is valid
and ANDPAN Q is valid

then Ax 1 Q

Proof Assume w if wk and wtf then WFDP 11

Assume w if wk andwkDPand wtf then wFQ

WTS w if w FBA and wtf then wtQ

Assume W K Δ WE T

By CA WF DP



Box Elimination
If AT P is valid
and AnDP AN Q is valid

then Ax 1 Q

Proof Assume w if wk and wtf then WFDP 11

Assume w if wk andwkDPand wtf then wFQ

WTS w if w FBA and wtf then wtQ

Assume W K Δ WE T

By CA WF DP

By 2 WF Q



Natural Deduction for 54

P TIPAQI P QI PrQ PI P

F IP P

Δ Δ P

D TTP

If P is true here and Δ is always true

then P is true here
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QDiFtAPDirt QQ
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i
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Diamond in 54

Δ TtP Δ.TT JPD Pr

QDiFtAPDirt QQ
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DirtAP Dirt QQ
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Diamond in 54

Δ TtP AT TIP Δ Q

DirtAP Dirt QQ

L
T is missing

f is at current world

AP means P holds at future world



Diamond in 54

D T t P Δ P TIP Δ Q

DirtAP Δ rtAQ

L
T is missing

f is at current world

AP means P holds at future world
So in that future world Δ is still true plus
P holds



Term Assignment for 54
A 1 AxB A BIO At B

r I T x A

e x l e e tile Ax A elee labortle
1 in e case e infte

Fte A



Term Assignment for 54
A 1 AxB A BIO ATB A I A

r IT x A Δ Apc A

e x e e tile Ax A elee labortle
1 in e case le infte 12

box e I let box a e in e

I diale I let diala e in e

Δ Fte A



54 Term Assignment

a AEΔ Di te A
Dirt A Dirt boxle A

Dirte A D x A r te C

Dirtbtboa.la eine C



54 Term Assignment

Δ the A

Dirtdiale A

if te AA Δ x Ate AB

Δ r t let dialed e in e AB



Substitution

Main syntactic property of type theory

Substitution

More complex in case of modal types



Source of Challenge

Di te A
Dir t boxle A



Source of Challenge

Diote A
Δ t boxle A



Source of Challenge

Diote A
Δ t boxle A

Variables goaways in subderivations



Weakening
Δ F E Δ t Air has more variables



Weakening
Δ F E Δ t Air has more variables

j E



Weakening
Δ F E Δ t Air has more variables

j E.jo

Dir E it DirED r

D x A F ED x Air Δ x.AED.ir A



Weakening
if I Δ t Air has more variables

j E.jo

Dir E it DirED r

D x A F ED x Air Δ x.AED.ir
ADirED'ir

Dir EDIT

Dir E Δ A D Air E Δ'ir x A



Properties of Weakening

Reflexivity Dit E Air

Transitivity If DirED r and Δ'ir E Δ r

then Δ F ED r

Both properties follow by induction



Forgetting
Lemma If Dir E r then D ED



Forgetting
Lemma If Dir E Ar then D ED

Proof By induction on the derivatio

of Dir E D r
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Forgetting
Lemma If Dir E r then Δ EΔ

DITED r
Case Δ r ED Fx A

Air EA T Subderivation



Forgetting
Lemma If Dir E Δ r then D ED

Dir ED r
Case Δ r ED Fx A

Dir E Δ T Subderivation

Δ ED Induction Hypothesis



Forgetting
Lemma If Dir E r then Δ EΔ

DITED r
Case Δ x Air ED.sc Air



Forgetting
Lemma If Dir E r then Δ EΔ

DITED r
Case Δ x A rEDpc Air

Dir ED'ir Subderivation



Forgetting
Lemma If DTED.ir then Δ EΔ

DITED r
Case Δ x A rEDpc Air

Dir ED'ir Subderivation
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Forgetting
Lemma If DTED.ir then Δ EΔ

DITED r
Case Δ x A rEDpc Ai

Dir ED'ir Subderivation

Δ ED Induction

Δ x A E Δ'pc A Rule



Weakening Lemma

If Air EA r and Dirte A then Δ r're A



Weakening Lemma

If Air EA r and Dirte A then Δ r're A

Proof induction on the derivation of T D te A
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Case Dir boxle A

Δ r ED r By assumption



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Di te A
Case Dir boxle A

Δ r ED r By assumption
D re A Subderivation



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case
Di te A
Dirt boxle A

Δ r ED r By assumption
D re A Subderivation

D E Δ'i Forgetting Lemma



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Di te A
Case Dir boxle A

Δ r ED r By assumption
D re A Subderivation

D E Δ'i Forgetting Lemma

Δ re A Induction



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Di te A
Case Dir boxle A

Δ r ED r By assumption
D re A Subderivation

D E Δ'i Forgetting Lemma

Δ re A Induction

Δ'ir't boxcel A Rule
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If DirEAir and Dirte A then Δ r're A

Dire A te B
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If DirEAir and Dirte A then Δ r're A
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Dir E D r Assumption
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If DirEAir and Dirte A then Δ r're A

Dir x A te B
Case Dirtax.e A B

Dir E D r Assumption

Air x At e B Subderivation
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Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Dir x Ate B
Case Dirtax.e A B

Dir E D r Assumption

Air x At e B Subderivation

ir.x.AE Air X A Rule

Δ r x A re B Induction



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Dir x Ate B
Case Dirtax.e A B

Dir E D r Assumption

Air x At e B Subderivation

ir.x.AE Air X A Rule

Δ r x A re B Induction

Dir tax.e A B Rule



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case if te AA Dix Ate B

Δ r let dialed eine AB



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case Ditte AA Dix Ate B

Δ r let dialed eine AB

Dir E D r Assumption



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case if te AA Dix Ate B

Δ r let dialed eine QB

Dir E D r Assumption
Dir re AA Subderivation

Disc A te AB Subderivation



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case Ditte AA Dix Ate B

Δ r let dialed eine AB

Dir E D r Assumption
Dir re AA Subderivation

Disc A te AB Subderivation

Air're AA induction



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case Ditte AA Dix Ate B

Δ r let dialed eine QB

Dir E D r Assumption
Dir re AA Subderivation

Disc A te AB Subderivation

Air're AA induction
Dix A E Δ x A Forgetting Rule



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case Ditte AA Dix Ate B

Δ r let dialed eine QB

Dir E D r Assumption
Dir re AA Subderivation

Disc A te AB Subderivation

Air're AA induction
Dix A E Δ x A Forgetting Rule

ix Are AB Induction



Weakening Lemma

If DirEAir and Dirte A then Δ r're A

Case Ditte AA Dix Ate B

Δ r let dialed eine AB

Dir E D r Assumption
Dir re AA Subderivation

Disc A te AB Subderivation

Air're AA induction
Dix A E D x A Forgetting Rule

ix Are AB Induction
Δ r't let diala eine AB Rule



Substitutions

Dirt Sir Δ t

Air i

Dirt Sig Dir Di re A

Dirt 8 etc a Ax Al r

Dirt Sir D'ir Air te A

Δ r t 8 r etc A D Al



Applying a Substitution
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Applying a Substitution

Sir x 26

8 2 864

Sig e e sister side

Sir Are Ax Sid e

Sir box e box 8 e



Applying a Substitution

Sir x 26

8 2 8124

Sig e e sister side

Sir Are Ax Sid e

Sir box e box 8 e

Sir letdiabal eine't let diala side
in

8 e



Forgetting and Substitution

If Δ T t Sig Δ r then Δ t 8 D



Forgetting and Substitution

If Δ t t Sig Δ r then Δ t 8 D

Proof By induction on

Δ t t Sig Δ r



Weakening Substitution

If Air ED r and Dirt Sig Δ P

then Δ if r Sig Δ r



Weakening Substitution

If Air ED r and Dirt Sig Δ P

then Δ if r Sig Δ r

Proof By structural induction on

Δ r t s o D if



Substitution Theorem

If r D Sig FIA and T D're A

then r D r Isis e A



Substitution Theorem

If Air Sig D r and Δ r re A

then Δ if r Isis e A

Proof By induction on the

derivation of Air're A



Substitution Theorem
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Case Δ's Tix Ate B

it tax.e A B
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If Dirt Sig Dtr and Δ r re A
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Dirk A r Sig D r substitution weakening
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Dirk A r Sig Δ r substitution weakening

Dirx A 8,12 Dirk A Rule
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If Dirt Sig Dtr and Δ r re A

then Δ r r Isis e A

Δ fix Ate BCase
Air tax.e A B

Dir t Sig D r Assumption
Δ if E Dir x A Reflexivity of weakening rule

Dirk A r Sig D r substitution weakening

Dirx A 8,12 7 Dirk A Rule

Air x A t Silo 44 e B Induction on subderivation
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Substitution Theorem
If Dirt Sig Dtr and Δ r re A

then Δ r r Isis e A

Δ fix Ate BCase
D ftp.c.e A B

Dir t Sig D r Assumption
Δ if E Dir x A Reflexivity of weakening rule

Dirk A r Sio D r substitution weakening

Dirx A 8,12 7 Dirk A Rule

Air x A t Silo 44 e B Induction on subderivation

Dirt IX 8 2,64 77 A B Rule
Dirt Sir Axe A B Definition of substitution
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Substitution Theorem
If Dirt Sig Air and Afr're A
then Δ r r Isis e A

Case Δ's re A
Δ r box el A

Dirt Sig Δ T Assumption

i t Si Δ'i Forgetting
Dist site A Induction

Dirt box Si e A Rule

Dirt Sir boxle A Definition of substitution

I



Substitution Theorem
If Dirt Sig Dtr and Afr're A
then Δ r r Isis e A

Case it t e AA Δ X Ate B

it t let diabe e in e B

it 8,8 D it Assumption
Air't e A Subderivation
D x Ate B Subderivation

4 Dirt side AA Induction on 1 3
D t 8 D Forgetting on 1

6 D Dix A Reflexivity Rule
7 Dix At 8 Δ Weakening Substitution on 5 6
g Dix At S x x D x A Rule on 7
9 Dix A t.si aDe AB Induction on 8 3

0 Dirt letdiala side in field e B Rule on 4 9

1 Dirt Sir let diala eine B Definition of substitution
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