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First-order logic
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Limitations of propositional logic

• Consider the following classical argument:

(1) All men are mortal
(2) Socrates is a man

Therefore: Socrates is mortal

• Can you express this in propositional logic? 
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Limitations of propositional logic

• Here is an attempt:

(1) All men are mortal
$%& '()*%+,- → $(*+%/('()*%+,-)

$%& 0/%+( → $(*+%/ 0/%+( …
(2) Socrates is a man
$%&('()*%+,-)

Therefore: Socrates is mortal
$(*+%/('()*%+,-)
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A better solution

• Extend the logic to easily refer to “all men”

∀".$%& " → $()*%+(")

• Read (verbose): “For all ", if " is a man, then " is 
mortal”
• Note: Proposition are now “predicates” which 

depend on "
• Observation: two lines vs. billions of line
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What else can you say in FOL?

• There is a man who is not married
∃".$%& " ∧ ¬$%))*+, "

• Every person has a mother

∀". .+)/0& " → ∃2.$03ℎ+)56 2, "

• Some person have two mobile phones

∃"∃2∃8. .+)/0& " ∧ $. 2, " ∧ $. 8, " ∧ 8 ≠ 2
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So, is it true that …?

• Q: FOL is just PL with quantifiers and more complex 
“propositions”?
• A: Yes, pretty much. But this is much more complex 

in fact!
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Ponderables

• Quantifiers “quantify” over what?
• Which of the following sentence are “true”?

∃".$%& " ∧ ¬$%))*+,(")
∃".$%& " → ∀1.$%& "
∀".$%& " → ∃1.$%& "
∀".$%& " → max(")
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First-order logic
(FOL) syntax
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“Atoms” (simplified)

• Examples of “atomic formulas” (“atoms”) in FOL:

!"# $ %&%# 1 !((*, $)

• Relations have arities (# arguments):
• !"#, %&%# have arity 1
• !( has arity 2

• Relation with arity 0 is a proposition, e.g. 
!"#(“./ℎ#”)
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“Atoms” (simplified)

• Variables: !, #, …
• Function symbols (with arities): %/2,+/2, )*+/1, -/
0,…
• Constants (0-ary  function): 0, 1, -, “01ℎ+”, …
• Terms: variables/constants/functions-over-terms
• Relation symbols (with arities): 45+/1,46/2,=/2
• Definition: If 8/* is a relation symbol with arity i

and each of :;, :<, … , := is a term, then 
8(:;, :<, … , :=) is an atomic formula
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“Formulas”

• As in boolean logic, build formulas from 
propositions with:

¬, ∧, ∨, →, ↔

• In addition, formulas can be “quantified”:
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If ' is a formula and ( is a variable, then
∀(. ' Is a formula
∃(. ' Is a formula



Exercise

• How do you build the following formulas?
∃".$%& " ∧ ¬$%))*+,(")
∃".$%& " → ∀1.$%& "
∀".$%& " → ∃1.$%& "
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Exercise

Which are FOL formulas?

• ∃"∀$. & ' → & $
• 1 + 3 × 20 or +(1, × 3, 20 )
• 234 $, 5 + 234 ", 5 = 234 ', 5
• ∀$.¬ 234 $, 5 ↔ 5 = 1
• ∃$∃9. 9 $ = 0
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Exercise

Which are FOL formulas?

• ∃"∀$. & ' → & $
• 1 + 3 × 20
• /01 $, 3 + /01 ", 3 = /01 ', 3
• ∀$.¬ /01 $, 3 ↔ 3 = 1
• ∃$∃7. 7 $ = 0
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More exercise

• Give a definition of FOL formulas by induction/grammar
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More exercise

• ! ∷= $ %&, … %)
| ¬! ! ∧ ! ! ∨ ! ! → ! ! ↔ !
| ∃1. ! | ∀1. !

• % ∷= 4 %&, … %)
|1
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Semantics of FOL
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Interpretations

What do the quantifiers quantify over?

• Domains ! (a.k.a. universe)

• An assignment function " mapping:
• Each variable # to an element in !
• Each function symbol $/& to a n-arity function 

!×⋯×!
)

→ !
• Each relation symbol +/& to a n-arity relation 

!×⋯×!
)

→ ,
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Example: phylogeny tree

• Relation symbols: ≤/2, %&'()'/1, %&'+),'/1
• Assignment:

- = /ℎ(123, 4+153, …

7 =
%&'()'/1 ↦ /ℎ(123 ↦ 9, 4+153 ↦ 9…
%&'+),'/1 ↦ /ℎ(123 ↦ :, 4+153 ↦ :…

≤/2 ↦ &, ; & is subclass of ; }
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Example: Integer Linear 
Arithmetic (N,+)
• Function symbol: +/2, 0/0, 1/0, …
• Predicate symbol: =/2
• Assignment:

) = 0,1,2,3, …
+ 0 = ( ) ↦ 0 , + 1 = ( ) ↦ 1 ,…
+ + = 0,0 ↦ 0, 0,1 ↦ 1…
+ = = 0,0 ↦ /, 0,1 ↦ 0…
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Truth depends on interpretations

• The truth/falsehood of an FOL formula depends on 
interpretations (just as in PL).
• Need to define whether ! is true in " (" ⊨ !, or 
" ! = %) by induction on !:
• Atom: " ⊨ & ', ) iff " ' , " ) ↦ % is in
" &

• AND:   " ⊨ ! ∧ 0 iff " ⊨ ! and " ⊨ 0
• OR:      " ⊨ ! ∨ 0 iff " ⊨ ! or " ⊨ 0
• NOT:    " ⊨ ¬! iff " ⊭ 8

• Note: " 9 :;, … , := = " 9 " :; , … , " :=
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Example 1

!: # ≤ % ∧ # ≤ '
Interpretation:
- % = “*+,-./01”
- ' = “34506/”
- # = ⋅

• Is ! true in this interpretation?
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Example 2

!: # ≤ % ∧ # ≤ '
Interpretation:
- % = “*+,-./01”
- ' = “34506/”
- # = “7+4845,901”

• Is ! true in this interpretation?
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Semantics of ∀ and ∃
Extending #(%) to formulas with quantifiers:

• Forall: # ⊨ ∀(. % iff # ,/( % = / for all , in 5

• Exists: # ⊨ ∃(. % iff # ,/( % = / for some , in 5

• Note:  # ,/( = ( ↦ ,…
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Example 1

• !: ∃$, &, '. ' ≤ $ ∧ ' ≤ &

• Is ! true in this interpretation?
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Example 2

• !: ∀$, &, '. $ ≤ & ∧ & ≤ ' → $ ≤ '

• Is ! true in this interpretation?
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Exercise 1

• Formally express that every two species have a 
common ancestor.
• Show that this is true in the phylogeny tree 

interpretation. 
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Exercise 2

Consider the following interpretation (social 
network):
• Relations: !"#$%&'/2
• * = {-$.-/$}
• 1(!"#$%&') = { (4, 6) ∶ 4 is a friend of 6 }

Express (the famous) six-degree of separation:
“The distance between any two people in this graph 

is six or less” 
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Exercise 3

Show that it is possible to have 3-coloring for this 
graph
• Relation: =/2
• Variables: $,&, ', (, )
• * = +, ,, -
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Exercise 4

In the linear arithmetic (",+)model, argue the 
following formulas are true:
• ∀'∃). ) > '
• ∀'∃). ) + ) = ' ∨ ) + ) + 1 = '
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Exercise 5

Consider the interpretation:

! = 0,1, … , 8
( ) = *, + + = * − -, - = 1,2,3

Prove that the formula is false:

∀*1∃+1∀*3∃+3. 5
6

) *1, +1 ∧ ) +1, *3 ∧ ) *3, +3
∧ ) +3, 0
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(set-logic LIA)

(define-fun R ((x Int) (y Int)) Bool
(or (= y (- x 1)) (= y (- x 2)) (= y (- x 3)))

)

(assert
(forall ((x1 Int))

(exists ((y1 Int))
(forall ((x2 Int))

(exists ((y2 Int))
(and

(R x1 y1)
(R y1 x2)
(R x2 y2)
(R y2 0)

)
)

)
)

)
)

(check-sat)

Try SMT solver
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Exercise 6

Consider the interpretation:

! = #$%&'&(
) * = +, - - = + − /, / = 1,2,3

Prove that the formula below is true: 

∀+. ∃6. 46 = + → ∀/∃-. * +, / → * /, - ∧ ∃6. 46 = -

Note: 46 is a “macro” for 6 +6 +6 +6 (even this is a macro)
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(set-logic LIA)
(define-fun R ((x Int) (y Int)) Bool

(or (= y (- x 1)) (= y (- x 2)) (= y (- x 3)))
)

(assert
(forall ((x Int))

(exists ((w Int))
(=>

(= (+ w w w w) x)
(forall ((z Int))

(exists ((y Int))
(=>

(R x z)
(and

(R z y)
(exists ((w Int)) (= (+ w w w w) y))

)
)

)
)

)
)

)
)

(check-sat)

Try SMT solver
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Satisfiability /
Validity / Equivalence
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Satisfiability/validity/ (semantic) 
equivalence

• A formula is satisfiable if it is true in some 

interpretation

• A formula is valid if it is true in all interpretations

• Two formulas are equivalent if their truth values 

are the same under all interpretations
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Exercises

Show that all the following examples are satisfiable!

∃".$%& " ∧ ¬$%))*+,(")
∃".$%& " → ∀1.$%& "
∀".$%& " → ∃1.$%& "
∀".$%& " → max(")
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Exercises

Point out valid and invalid formulas!

∃".$%& " ∧ ¬$%))*+,(")
∃".$%& " → ∀1.$%& "
∀".$%& " → ∃1.$%& "
∀".$%& " → max(")
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More exercises

• Prove that the following formulas are valid

∀". $%& " → $()*%+ " ∧ $%& -(.)%*/0

→ $()*%+ -(.)%*/0

• Prove that the following formula is not valid

∃". 2 " ∧ ∃". 3(") → ∃". 2 " ∧ 3 "
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Some equivalences

• Equivalences from boolean logic carry over to FOL

• New ones, e.g. De Morgan’s Laws for FOL:

¬∃#.¬% ≡ ∀#. %
¬∀#.¬% ≡ ∃#. %
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Exercise

Prove De Morgan‘s Laws!
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Ponderables

• What’s the connection between 
satisfiability/validity/equivalence?

• Could you give an algorithm for checking 

satisfiability/validity/equivalence?

• What about the same problem over “finite 

interpretations”?  Over “finite interpretations of 

size k”?
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Roadmap for FOL after this

• Quantifier-free FOL

• Specialized interpretations: linear arithmetic, 

theory of strings (?), theory of arrays (?), …

FLOLAC 2023 44



Some more tutorial 
questions
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Free variables

Define this by induction on formula F:
- !"## $ %, ' = %, '
- !"## ) ∧ )+ = !"## ) ∪ !"## )+
- !"##( ¬ ) ) = !"## )
- !"## ∀%. ) = !"## ) \ %
- !"##(∃%. )) = !"## ) \ %
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Exercises

What are the free variables of the formulas:
∃". $%$& "
∀". ( " ∧ * "
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More equivalences

If ! is not free in the formula ", then:
∀!. % ∧ " ≡ ∀!. % ∧ "
∃!. % ∧ " ≡ ∃!. (% ∧ ")
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Software Verification
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Outline

• What is program verification
• Hoare logic
• Weakest precondition
• Other ways to verify program
• Static single assignment form
• Symbolic execution
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Assertions

• A time snapshot of a program execution is a state, 
which maps program variables to their values at that 
time.

• A program execution is an evolution of states.

• An assertion is a statement about states of a program.
! < 2$% ∧ ' < 2%$

()* ≡ ! ⋅ ' mod 20$$1%2

• Most interesting assertions can be expressed in FOL.
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Program verification

• Prove program property by formulating:
• Assertions as pre-/post-conditions in FOL

• Program variables as FOL variables
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Pre- and post-conditions

• Put an assertion at the entry point of a program to 
specify the requirements of inputs: pre-condition

• Put an assertion at the exit point of a program to 

specify the guarantees of outputs: post-condition
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Hoare logic

• Hoare logic is an axiomatic approach to program 
correctness

• Properties of programs can be verified in a deductive

manner: applying inference rules to a set of axioms

• Different program languages may need different 

inference rules

• It is possible to automate the deductive verification
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Hoare triples

• A program ! annotated with pre-condition " and post-condition 
# is a Hoare triple: { " } ! { # }

• Validity of a Hoare triple
• Partial correctness: If the program starts with a state satisfying " and 

terminates at a final state, then the final state satisfies #
• Total correctness: If the program starts with a state satisfying ", then 

the program must terminate at a final state and the final state satisfies 
#

• If a Hoare triple is interpreted as total correctness, it is sometimes 
written as ⟨ " ⟩ ! ⟨ # ⟩
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Specifications

• A program specification can be written as a Hoare 
triple, plus assertions inserted in the program

• If the Hoare triple can be shown to be valid, then 

the program satisfies the specification

• For a function that returns a result, we use the 

variable !"# to represent the returned result.
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Examples

• {" ≠ 0} &'((*, ") {-./ = * / "}
• {/'2.(3/) = 4} /5-6(3/, 4) {/5-6.&(3/) ∧ /'2.(3/) = 4}

• size and sorted are first-order functions

• *<" ∧ "<2 ∧ 2<8 ∧ 8+*="+2 ∧ *+"=2+8 9 { : }
• always valid for integer variables *, ", 2, and 8

Be careful of writing specifications
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Exercise

• Let max be a function that returns the maximal number 
between two input numbers. Write a specification of 
max as precise as possible. 
• { ? } max(x, y) { ? }

• Write the specification of a function that concatenates 

two integer lists. You may define other functions of list 

and use them in the specification.

• list ::= nil | cons(Int, list)
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Assignment

! ≔ #
• Assume that the evaluation of # does not cause any 

side-effect

• $[#/!]: change ! to e in $
• Which one is correct?

• {$} ! ∶= # {$[#/!]}
• {,[#/!]} ! ∶= # {,}
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Assignment – more examples

• {" − 1 ≥ 0} " ∶= " − 1 {" ≥ 0}

• " < " + , - ≔ " - < - + ,

• " ≥ " - ≔ " - ≥ "

FLOLAC 2023 60



Assignment – axiom

! "/$ $ ≔ " ! Assign

• No side-effect: only $ is changed

• $ in post-condition has a new value same as " to 

satisfy !

• What if $ does not have value same as "?

• Change $ to e would satisfy !

FLOLAC 2023 61



Multiple assignment

!", !$, … , !& ∶= )", )$, … , )&
where !’/ are distinct variables

:[)", )$, … , )&/!", !$, … , !& !", !$, … , !& ≔ )", )$, … , )& {:}Mul$Assign

• :[)", )$, … , )&/!", !$, … , !&] is the result of 
simultaneous substitution

• (! < C)[C, !/!, C] = (C < !)
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Proof rules
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Conditional

! "/$ $ ≔ " ! Assign

⊤
If $ < * then
/"0 ≔ *

else
/"0 ≔ $

3i
/"0 ≥ $ ∧ /"0 ≥ *

7/8"
If $ < * then
$ < *
* ≥ $ ∧ * ≥ *
/"0 ≔ *
/"0 ≥ $ ∧ /"0 ≥ *

else
$ ≥ *
$ ≥ $ ∧ $ ≥ *
/"0 ≔ $
/"0 ≥ $ ∧ /"0 ≥ *

3i
/"0 ≥ $ ∧ /"0 ≥ *
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Conditional

! "/$ $ ≔ " ! Assign

⊤
If $ < * then
/"0 ≔ *

else
/"0 ≔ $

3i
/"0 ≥ $ ∧ /"0 ≥ *

⊤
If $ < * then
$ < *
* ≥ $ ∧ * ≥ *
/"0 ≔ *
/"0 ≥ $ ∧ /"0 ≥ *

else
$ ≥ *
$ ≥ $ ∧ $ ≥ *
/"0 ≔ $
/"0 ≥ $ ∧ /"0 ≥ *

3i
/"0 ≥ $ ∧ /"0 ≥ *
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Conditional
! → !# !# $ %# %# → %

! $ {%} Consequence

⊤
If + < - then
234 ≔ -

else
234 ≔ +

8i
234 ≥ + ∧ 234 ≥ -

⊤
If + < - then
⊤ ∧ + < -
- ≥ + ∧ - ≥ -
234 ≔ -
234 ≥ + ∧ 234 ≥ -

else
⊤ ∧ + ≥ -
+ ≥ + ∧ + ≥ -
234 ≔ +
234 ≥ + ∧ 234 ≥ -

8i
234 ≥ + ∧ 234 ≥ -
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Conditional
! ∧ # $% & ! ∧ ¬# $( &
! If # then $% else $( 1i {&}

Condi&onal

⊤
If 6 < 8 then
9:; ≔ 8

else
9:; ≔ 6

1i
9:; ≥ 6 ∧ 9:; ≥ 8

⊤
If 6 < 8 then
⊤ ∧ 6 < 8
8 ≥ 6 ∧ 8 ≥ 8
9:; ≔ 8
9:; ≥ 6 ∧ 9:; ≥ 8

else
⊤ ∧ 6 ≥ 8
6 ≥ 6 ∧ 6 ≥ 8
9:; ≔ 6
9:; ≥ 6 ∧ 9:; ≥ 8

1i
9:; ≥ 6 ∧ 9:; ≥ 8
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While

! ∧ # $ !
! while # do $ od {! ∧ ¬#}While

• ! in the While rule is a loop invariant

• Invariant: an assertion that always holds whenever the program 
reaches it

• Loop invariants are usually specified manually

• For some classes of assertions, loop invariants can be 
synthesized
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While – example

! "/$ $ ≔ " ! Assign

& = ""
while & < 10 do
& ≔ concat "a", &, "b"

od
& ∉ 8( : + < ∗<: : + < ∗)

& = ""
& ∈ 8 :∗<∗
while & < 10 do

& ∈ 8 :∗<∗ ∧ & < 10
concat "a", &, "b" ∈ 8 :∗<∗
& ≔ concat "a", &, "b"
& ∈ 8 :∗<∗

od
& ∈ 8 :∗<∗ ∧ & ≥ 10
& ∉ 8( : + < ∗<: : + < ∗)
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While – example
! → !# !# $ %# %# → %

! $ {%} Consequence

( = ""
while ( < 10 do
( ≔ concat "a", (, "b"

od
( ∉ ;( = + ? ∗?= = + ? ∗)

( = ""
( ∈ ; =∗?∗
while ( < 10 do

( ∈ ; =∗?∗ ∧ ( < 10
concat "a", (, "b" ∈ ; =∗?∗
( ≔ concat "a", (, "b"
( ∈ ; =∗?∗

od
( ∈ ; =∗?∗ ∧ ( ≥ 10
( ∉ ;( = + ? ∗?= = + ? ∗)
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While – example

! ∧ # $ !
! while # do $ od { ! ∧ ¬# }While

/ = ""
while / < 10 do
/ ≔ concat "a", /, "b"

od
/ ∉ ;( = + ? ∗?= = + ? ∗)

/ = ""
/ ∈ ; =∗?∗
while / < 10 do

/ ∈ ; =∗?∗ ∧ / < 10
concat "a", /, "b" ∈ ; =∗?∗
/ ≔ concat "a", /, "b"
/ ∈ ; =∗?∗

od
/ ∈ ; =∗?∗ ∧ / ≥ 10
/ ∉ ;( = + ? ∗?= = + ? ∗)
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While – example
! → !# !# $ %# %# → %

! $ {%} Consequence

( = ""
while ( < 10 do
( ≔ concat "a", (, "b"

od
( ∉ ;( = + ? ∗?= = + ? ∗)

( = ""
( ∈ ; =∗?∗
while ( < 10 do

( ∈ ; =∗?∗ ∧ ( < 10
concat "a", (, "b" ∈ ; =∗?∗
( ≔ concat "a", (, "b"
( ∈ ; =∗?∗

od
( ∈ ; =∗?∗ ∧ ( ≥ 10
( ∉ ;( = + ? ∗?= = + ? ∗)
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(set-logic QF_SLIA)
(set-option :incremental true)

(declare-fun s () String)
(define-const a RegLan (str.to_re "a"))
(define-const b RegLan (str.to_re "b"))
;; anbm := L(a*b*)
(define-const anbm RegLan
(re.++ (re.* a) (re.* b))

)

Try SMT solver
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;; s="" => s in L(a*b*)
(assert
(and
(= s "")
(not (str.in_re s anbm))

)
)
(check-sat)
;; s in L(a*b*) AND |s| < 10 => "a"++s++"b" in L(a*b*)
(assert
(and
(str.in_re s anbm)
(< (str.len s) 10)
(not (str.in_re (str.++ "a" s "b") anbm))

)
)
(check-sat)
;; s in L(a*b*) AND |s| >= 10 => s not in 
L([ab]*ba[ab]*)
(assert
(and
(str.in_re s anbm)
(>= (str.len s) 10)
(not(not (str.in_re s 
(re.++ (re.union a b) b a (re.union a b))

)))
)

)
(check-sat)



Exercise

• Complete the proof outline.
! ≥ 0 ∧ % ≥ 0 ∧ gcd !, % = gcd +, ,
while ! ≠ 0 ∧ % ≠ 0 do
if ! < % then
!, % ≔ %, !

9i;
! ≔ ! − %

od
! = 0 ∧ % ≥ 0 ∧ % = gcd !, % = gcd +, ,

∨ ! ≥ 0 ∧ % = 0 ∧ ! = gcd !, % = gcd +, ,
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While – total correctness

• For total correctness, loops must terminate
• How to ensure this in annotations?
• specify a rank function that decreases after every loop 

body

! ∧ # $ ! ! ∧ # ∧ % = ' $ % < ' ! ∧ # → % ≥ 0
! while # do $ od { ! ∧ ¬# } While Total
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Rank function – example

! ∧ # $ ! ! ∧ # ∧ % = ' $ % < ' ! ∧ # → % ≥ 0
! while # do $ od ! ∧ ¬# While Total

• What is the rank function?
! ∧ 4 ≥ 5 → 4 − 5 ≥ 0
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5
while 4 ≥ 5 do
4 ≔ 4 − 5

od
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5 ∧ 4 < 5
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Rank function – example

! ∧ # $ ! ! ∧ # ∧ % = ' $ % < ' ! ∧ # → % ≥ 0
! while # do $ od ! ∧ ¬# While Total

• What is the rank function?
! ∧ 4 ≥ 5 → 4 − 5 ≥ 0
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5
while 4 ≥ 5 do
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5 ∧ 4 ≥ 5 ∧ 4 − 5 = '
4 − 5 ≥ 0 ∧ 5 > 0 ∧ 4 − 5 ≡ 9 mod 5
4 ≔ 4 − 5
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5
4 − 5 < '

od
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5 ∧ 4 < 5
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Rank function – example

! ∧ # $ ! ! ∧ # ∧ % = ' $ % < ' ! ∧ # → % ≥ 0
! while # do $ od ! ∧ ¬# While Total

• What is the rank function?
! ∧ 4 ≥ 5 → 4 − 5 ≥ 0
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5
while 4 ≥ 5 do
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5 ∧ 4 ≥ 5 ∧ 4 − 5 = '
5 > 0 ∧ 4 − 5 = '
4 ≔ 4 − 5
5 > 0 ∧ 4 = '
4 − 5 < '

od
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 9 mod 5 ∧ 4 < 5
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Rank function – example

! ∧ # $ ! ! ∧ # ∧ % = ' $ % < ' ! ∧ # → % ≥ 0
! while # do $ od ! ∧ ¬# While Total

• What is the rank function?
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 8 mod 5 ∧ 4 ≥ 5 → 4 − 5 ≥ 0
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 8 mod 5
while 4 ≥ 5 do
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 8 mod 5 ∧ 4 ≥ 5 ∧ 4 − 5 = '
5 > 0 ∧ 4 − 5 = '
4 ≔ 4 − 5
5 > 0 ∧ 4 = '
4 − 5 < '

od
4 ≥ 0 ∧ 5 > 0 ∧ 4 ≡ 8 mod 5 ∧ 4 < 5
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Weakest precondition

• Weakest precondition: the weakest precondition that 
guarantees termination of the program in a state 
satisfying the postcondition

• !"($, &) is the weakest precondition of a program $
and a postcondition &
• !"($,⋅) is a predicate transformer that transforms a 

postcondition to a weakest precondition

• !"($,⋅) can be seen as the semantics of $
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Hoare triple as !"
• When total correctness is meant, {$} & {'} is 

another notation for $ → !"(&, ')

• $ → !"(&, '): $ entails !" &, '
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Properties of !"
• Axioms:

• Law of the Excluded Miracle: !"($, &'()*) ≡ &'()*
• Distributivity of Conjunction: !"($, -.) ∧ !"($, -0) ≡
!"($, -. ∧ -0)

• Distributivity of Disjunction for deterministic $: !"($, -.) ∨
!"($, -0) ≡ !"($, -. ∨ -0)

• Derived:
• Law of Monotonicity: if  -. → -0,  then  !" $, -. →
!"($, -0)

• Distributivity of Disjunction for nondeterministic $: 
!"($, -.) ∨ !"($, -0) ≡ !"($, -. ∨ -0)
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!": Skip and abort

• !"(skip, )) = )

• !"(abort, )) = 12345
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!": Assignment and sequence

• !"($ ≔ &, () = ([&/$]

• !"(./; .1, () = !" ./, !" .1, (
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Example

!" # ∶= # − 5; # ∶= # ∗ 2, # > 20
= !" # ∶= # − 5,!" # ∶= # ∗ 2, # > 20
= !" # ∶= # − 5, # ∗ 2 > 20
= # − 5 ∗ 2 > 20
= # > 15
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!": Conditional

• !" if % then *+ else *. /i, 1

= % ∧ !" *+, 1 ∨ ¬% ∧ !" *., 1

• !" if % then * /i, 1

= % ∧ !" *, 1 ∨ ¬% ∧ 1
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Example

!" if % < ' then % ∶= ' .i, % ≥ '
= %<' ∧ !" % ∶= ', %≥' ∨ ¬ %<' ∧ %≥'
= % < ' ∧ ' ≥ ' ∨ ¬ % < ' ∧ % ≥ '
⟺ ⊤
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!": While

• while # do $ od is equivalent to
• if # then $; if # then $; if # then … -. -. -.

• Thus, !" while # do $ od, 4 = ¬# ∧ 4 ∨
# ∧ !" $, ¬# ∧ 4 ∨
# ∧ !" $, # ∧ !" $, ¬# ∧ 4 …

• Define
• 9 4, 0 ≡ ¬# ∧ 4
• 9 4, < ≡ # ∧ !" $,9 4, < − 1

• !"(while # do $ od, 4) = ∃<. 0 ≤ < ∧ 9(4, <)
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!": Theorem of while

# ∧ % & # # ∧ % ∧ ' = ) & ' < ) # ∧ % → ' ≥ 0
# while % do & od # ∧ ¬% While Total

Suppose there exist an invariant # and an integer-valued 
expression ' such that

• # ∧ % → !"(&, #),
• # ∧ % → (' ≥ 0), and

• # ∧ % ∧ ' = ) → !" &, ' < ) , where ) is a rigid variable.

Then # → !"(while % do & od, # ∧ ¬%)
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Verification condition generation

!

"#
$

"%

"&
'

Verification condition:
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Verification condition generation

!

"#
$
{ &'("), &' "+, , )}
")
&' "+, ,
"+
,

Verification condition:
1. $ → &' "), &' "+, ,
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Verification condition generation

!
{ #$ %&, ( }
%&
(
{ #$(%+, #$ %,, - )}
%+
#$ %,, -
%,
-

Verification condition:
1. ( → #$ %+, #$ %,, -
2. ! → #$ %&, (
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Verification condition generation

!
{

}
$%('(, *
∧ $%(',, $%('-, .)))
'(
*
{ $%(',, $% '-, . )}
',
$% '-, .
'-
.

Verification condition:
1.  ! → $%('(, * ∧ $%(',, $%('-, .)))
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Exercise

• Compute !"($ ∶= $ + 2; * ∶= * − 2, $ + * = 0)

• Compute !"(If $ < * then 678 ∶= * else 678 ∶=
$ ;i, 678 ≥ $ ∧ 678 ≥ *)
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Example !"
# > %
# ≥ %
' ≔ #
' ≥ %
# ≔ %
' ≥ #
% ≔ '
% ≥ #

# > % → # ≥ %
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Example !"
• # ∧ % → '( ), #
• # ∧ % → + ≥ 0

• # ∧ % ∧ + = / → '( ), + < /

'((2 ≔ 4, #) = #[4/2]

2 ≥ 100 ∧ : ≥ 10

while 2 ≥ : do

2 ≔ 2 − :

od

: > 2 ∧ 2 ≥ 0

Decide:
#: 2 ≥ 0 ∧ : > 0, +: 2

while 2 ≥ : do
2 − : ≥ 0 ∧ : > 0 {2 − : < /}
2 ≔ 2 − :
2 ≥ 0 ∧ : > 0 {2 < /}

od
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Example !"

• # ∧ % → '( ), #

• # ∧ % → + ≥ 0

• # ∧ % ∧ + = / → '( ), + < /

'((2 ≔ 4, #) = #[4/2]

2 ≥ 100 ∧ : ≥ 10

while 2 ≥ : do

2 ≔ 2 − :

od

: > 2 ∧ 2 ≥ 0

Decide:
#: 2 ≥ 0 ∧ : > 0, +: 2

while 2 ≥ : do
2 − : ≥ 0 ∧ : > 0 {2 − : < /}
2 ≔ 2 − :
2 ≥ 0 ∧ : > 0 {2 < /}

od

Verify	followings	are	valid:

• 2 ≥ 0 ∧ : > 0 ∧ 2 ≥ :
→ 2 − : ≥ 0 ∧ : > 0

• 2 ≥ 0 ∧ : > 0 ∧ 2 ≥ : → 2 ≥ 0

• 2 ≥ 0 ∧ : > 0 ∧ 2 ≥ : ∧ 2 = /
→ 2 − : < /
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Example !"

• # ∧ % → '( ), #

• # ∧ % → + ≥ 0

• # ∧ % ∧ + = / → '( ), + < /

# → '( while % do ) od, # ∧ ¬%

9 ≥ 100 ∧ ; ≥ 10

while 9 ≥ ; do

9 ≔ 9 − ;

od

; > 9 ∧ 9 ≥ 0

Decide:
#: 9 ≥ 0 ∧ ; > 0, +: 9

while 9 ≥ ; do
9 − ; ≥ 0 ∧ ; > 0 {9 − ; < /}
9 ≔ 9 − ;
9 ≥ 0 ∧ ; > 0 {9 < /}

od

If	followings	are	valid:	…

Then			 9 ≥ 0 ∧ ; > 0 → '((while… , 9 ≥
0 ∧ ; > 0 ∧ 9 < ;)

Verify	validity	of:

• 9 ≥ 100 ∧ ; ≥ 10 → 9 ≥ 0 ∧ ; > 0

• 9 ≥ 0 ∧ ; > 0 ∧ 9 < ; → ; > 9 ∧ 9 ≥ 0
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Static single assignment form

! > #
$ ≔ !
! ≔ #
# ≔ $
# ≥ !

':
!) > #) ∧
$+ = !) ∧
!+ = #) ∧
#+ = $+ ∧
#+ ≱ !+

Verify satisfiability of '
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Example SSA

Decide:
Inv: * ≥ 0 ∧ . > 0

. ≥ 100 ∧ * ≥ 10
*, . ≔ ., *
{* ≥ 0 ∧ . > 0}
while * ≥ . do
* ≔ * − .

od
{* ≥ 0 ∧ . > 0 ∧ * < .}
. > * ∧ * ≥ 0

pre−condition−check: (
)

.A ≥ 100 ∧ *A ≥
10 ∧ (*B = .A) ∧ (.B = *A) ∧ ¬(

)
*B ≥ 0 ∧

.B > 0

Inv−check: *A ≥ 0 ∧ .A > 0 ∧ *A ≥ .A
∧ *B = *A − .A ∧ ¬ *B ≥ 0 ∧ .A ≥ 0

post−condition−check: (
)

*A ≥ 0 ∧ .A
> 0 ∧ *A < .A ∧ ¬ .A > *A ∧ *A ≥ 0
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Symbolic execution

! > #
$ ≔ !
! ≔ #
# ≔ $
# ≥ !

! ↦ (, # ↦ *, $ ↦ +
! ↦ (, # ↦ *, $ ↦ (
! ↦ *, # ↦ *, $ ↦ (
! ↦ *, # ↦ (, $ ↦ (
( > * → ( ≥ *
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Symbolic execution – example

Decide:
Inv: * ≥ 0 ∧ . > 0

. ≥ 100 ∧ * ≥ 10
*, . ≔ ., *
{* ≥ 0 ∧ . > 0}
while * ≥ . do
* ≔ * − .

od
{* ≥ 0 ∧ . > 0 ∧ * < .}
. > * ∧ * ≥ 0

pre−condition−check: ? ≥ 100 ∧ @ ≥ 10
∧ ¬ @ ≥ 0 ∧ ? > 0

Inv−check: ?′ ≥ 0 ∧ @′ > 0 ∧
?C ≥ @C ∧
¬ ?C − @C ≥ 0 ∧ @C > 0

post−condition−check: (
)

?′′ ≥ 0 ∧ @′′
> 0 ∧ ?′′ < @′′ ∧ ¬ @′′ > ?′′ ∧ ?′′ ≥ 0
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* ↦ ?, . ↦ @
* ↦ @, . ↦ ?

* ↦ ?CC, . ↦ @CC
* ↦ @′′, . ↦ ?′′

* ↦ ?C, . ↦ @C
* ↦ ?C, . ↦ @C, ?C≥@C
* ↦ ?C−@C, . ↦ @C, ?C≥@′

path−condi5on



frama-C
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Weakest Precondition



















(call-proved.c)



(call-proved.c)



(call-1.c)



(call-2.c)





















































Homework: LRU Cache (lruCache_0.c)

/*@ predicate Unique{L}(int *a, integer size) =
\forall integer i,j; 0 <= i < j < size && a[i]!=-1 && 

a[j]!=-1 ==> a[i] != a[j] ;

requires 0<size<2147483645 && page >= 0;
requires \valid( queue+(0..size-1) );
requires Unique(queue, size);
ensures queue[size-1] == page;
ensures Unique(queue, size);

*/


