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1 Statics

1.1 Free variables

L FV(z (y 2)) = FV(x) UFV(y z) = {z} U (FV(y) UFV(2)) = {z} U ({y} U {z}) = {=} U
({y;z}) = {=,y, 2}

2. FV(Az.y) =FV(y) — {z} = {y}
3. FV(Az.2) =FV(z) — {z} ={z} — {=} =0
4. FV(Asz.s z) =FV(Az.s z2)—{s} = (FV(s z) —{z}) —{s} = (FV(s)UFV(z))—{z})—{s} =
(({s,2}) = {z}) = {s} = {s} —{s} =0
5. FV((Az.x) Ay.y) = FV(Az. 2) UFV(y.y) = (FV(2) —{z}) U(FV(y) —{y}) = ({z} —{z})U
{y} —{y})) =0u0=0
1.2 Bound variables
The set of variables including free and bound variables in a term M is given by
Var(z) =z
Var(Az. M) = {z} U Var(M)
Var(M N) = Var(M) U Var(N)
You may want to define BV as those variables which are not free as follows.

BV (M) = Var(M) — FV(M).

However, in this case, BV((Az.x) =) = 0 contradicts to the bound occurrence of = on the left
hand side Az. z.
To reflect this situation, the set of bound variables should be defined as

BV'(z) =0
BV/(\z. M) = {2} UBV'(M)
BV/(M N) = BV/(M) UBV/(N)



Therefore, we have x € BV'((Ar.z) ) and x € FV((\z.x) 7). That is, a variable can be free
and bound at the same time. Yet, it is clear that x occurs in two different positions: one is in
the left hand side and another one the right hand side of the application. The ambiguity can be
resolved if we introduce the notion of occurrence.

1.3 «a-equivalence

1. x and y are not a-equivalent, since free variables are a-equivalent if and only if they are
the same.

2. Axry.y and Azy.y are equivalent, as we have the following derivation:

Az AY. Yy =0 Az, (Ay.y)[z/2]
AL AY. Y =q A2 Y.y

where (Ay.y)[z/y] = Ay.y by definition.

3. Ary.z and Ay x.y are a-equivalent by the derivation

AY. T = Az 2[2/Y)

AY. T =4 Az. T Az Az .k = Ny (Az.2)[y/ ] Az. Y = AT y[z/2]
Az, (Ay. x) =4 Az. (Az. AT A2, =4 AY. Az. LY =q AT
z. (\y. x) x.(Az.x) TNz Y. A2,y transitivity AZ.Yy =q A2. Y
AL AY. & =q AY. A2 Y A AZ Y =a AY. AT Y

AT AY. T =4 AY. AT Y

4. Az y.x and Axy.y are not a-equivalent, since Ax. M7 and Az. My are a-equivalent if and
only if M and Ms are a-equivalent. Similarly, M7 = Ay. z and M2 = A\y. y are a-equivalent
if x =, y which is not.

2 Dynamics

2.1 a-conversion during g-reduction

We demonstrate the evaluation of the following term by exhibiting the first few reductions.

transitivity



My.ysy) (Mzzz(tz)z) —p1 (Yysy)l(Mzz. z (tx) 2)/y]

B-redex

=(Mzx.z (tx)z)s (Mza.z (tz) 2)

—p1 (Azz.z (tx) 2)[s/t] (Mtzz.z (Tt x) 2)
=(Mzz.z(sx)z) (Mzz. z (tx) 2)

—p1 (Az.z (sx) 2)[( M zx. 2 (t ) 2)/2]
=X (Mzz.z (tz)2) (sa) (Mza.z (tz) 2)

=aAx. Mza'.z(t2)z) (sx) Mzz.z (tx) 2)

—p Ar.(Azal oz (b)) 2)[(sz)/t] (Mt zz.z (tx) 2)
=dr. Mza’. 2z ((sx)2)) z) Mza. 2z (tx) 2)

—p Az (A2’ z ((sx) 2') 2) (M z 2.2 (t x) 2)/2]
=\e. A\’ (Mzz.z (tx)z) (sz) ') Mzz.z (tx)z) —p1 ...

where a-conversion happens in the 4th S-redex because of x € FV(s ). Note that in the last
reduction the argument of the S-reduction has one variable 2’ which is given by the a-conversion.
There will always be an additional variable generated when evaluating (Mt zz.z (¢t z) 2) s,
(Mzz.z (t x) 2) (s ), (Mzz.z (t ) 2z) ((s ) 2'), ..., so that this term exhausts as many
variables as possible. This bizarre term justifies the requirement of the variable set V being
infinite.

3 Programming in A-calculus

1. Let flip be Az y 2.z z y. By definition,

(Myzaxzy MNP —g (AyzMzy) NP—p (A2. M 2N)P —3 M PN

2. Define not, and, and or as follows.

not:=Abzy.by«x
and := Ao b12y.by (b1xy) y
or:=Abgbrxy.bg x (b1 z y)

Some reductions are exhibited below:

not true —; Az y.true y x = My truey' 7' —p5 MY Ay y) ' —p1 Ay Y =, false
not false —p; A\zy.falseyxr =, Az’'y/.falsey' o’ —p51 A’y . (A\y.y) 2’ —p1 A’y 2’ =, true



and true true — g1 (Aby 2 y. true (b1 z y) y) true
—p1 AT Y. true (true z y) y
—p1 Azy. Ny . true z y) y
—g1 Azy.true z y
—rp1 Az y. (A\y.x) y
—81 ATY.T = true

3. mult :=Anm fz.n(add (m f z)) z

mult ¢y ca —>g1 (Am f z.¢co (add (m f z)) 2) c2
—51 (Am fz. (Az.2) 2) e
—p1 Af 2. (Nz.2) 2
—p1 Afz. 2

= Cp
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