
(A ^ B) ^ C ` (A ^ B) ^ C
(^EL)

(A ^ B) ^ C ` A ^ B
(^EL)

(A ^ B) ^ C ` A

(A ^ B) ^ C ` (A ^ B) ^ C
(^EL)

(A ^ B) ^ C ` A ^ B
(^ER)

(A ^ B) ^ C ` B

(A ^ B) ^ C ` (A ^ B) ^ C
(^ER)

(A ^ B) ^ C ` C
(^I)

(A ^ B) ^ C ` B ^ C
(^I)

(A ^ B) ^ C ` A ^ (B ^ C)
(!I)

` (A ^ B) ^ C ! A ^ (B ^ C)

1.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiTA ^ B ! C, A, B ` A ^ B ! C

A ^ B ! C, A, B ` A A ^ B ! C, A, B ` B
(^I)

A ^ B ! C, A, B ` A ^ B
(!E)

A ^ B ! C, A, B ` C
(!I)

A ^ B ! C, A ` B ! C
(!I)

A ^ B ! C ` A ! B ! C (!I)
` (A ^ B ! C) ! (A ! B ! C)

A ! B ! C, A ^ B ` A ! B ! C

A ! B ! C, A ^ B ` A ^ B
(^EL)

A ! B ! C, A ^ B ` A
(!E)

A ! B ! C, A ^ B ` B ! C

A ! B ! C, A ^ B ` A ^ B
(^ER)

A ! B ! C, A ^ B ` B
(!E)

A ! B ! C, A ^ B ` C
(!I)

A ! B ! C ` A ^ B ! C (!I)
` (A ! B ! C) ! (A ^ B ! C)

(^I)
` (A ^ B ! C) $ (A ! B ! C)

2.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiTA _ (B ^ C) ` A _ (B ^ C)

A _ (B ^ C), A ` A
(_IL)

A _ (B ^ C), A ` A _ B

A _ (B ^ C), A ` A
(_IL)

A _ (B ^ C), A ` A _ C
(^I)

A _ (B ^ C), A ` (A _ B) ^ (A _ C)

A _ (B ^ C), B ^ C ` B ^ C
(^EL)

A _ (B ^ C), B ^ C ` B
(_IR)

A _ (B ^ C), B ^ C ` A _ B

A _ (B ^ C), B ^ C ` B ^ C
(^ER)

A _ (B ^ C), B ^ C ` C
(_IR)

A _ (B ^ C), B ^ C ` A _ C
(^I)

A _ (B ^ C), B ^ C ` (A _ B) ^ (A _ C)
(_E)

A _ (B ^ C) ` (A _ B) ^ (A _ C)
(!I)

` A _ (B ^ C) ! (A _ B) ^ (A _ C)

(A _ B) ^ (A _ C) ` (A _ B) ^ (A _ C)
(^EL)

(A _ B) ^ (A _ C) ` A _ B

(A _ B) ^ (A _ C), A ` A
(_IL)

(A _ B) ^ (A _ C), A ` A _ (B ^ C)

(A _ B) ^ (A _ C), B ` (A _ B) ^ (A _ C)
(^ER)

(A _ B) ^ (A _ C), B ` A _ C

(A _ B) ^ (A _ C), B, A ` A
(_IL)

(A _ B) ^ (A _ C), B, A ` A _ (B ^ C)

(A _ B) ^ (A _ C), B, C ` B (A _ B) ^ (A _ C), B, C ` C
(^I)

(A _ B) ^ (A _ C), B, C ` B ^ C
(_IR)

(A _ B) ^ (A _ C), B, C ` A _ (B ^ C)
(_E)

(A _ B) ^ (A _ C), B ` A _ (B ^ C)
(_E)

(A _ B) ^ (A _ C) ` A _ (B ^ C)
(!I)

` (A _ B) ^ (A _ C) ! A _ (B ^ C)
(^I)

` A _ (B ^ C) $ (A _ B) ^ (A _ C)

3.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiT¬(A _ B), A ` ¬(A _ B)

¬(A _ B), A ` A
(_IL)

¬(A _ B), A ` A _ B
(!E)

¬(A _ B), A ` ?
(!I)

¬(A _ B) ` ¬A

¬(A _ B), B ` ¬(A _ B)

¬(A _ B), B ` B
(_IR)

¬(A _ B), B ` A _ B
(!E)

¬(A _ B), B ` ?
(!I)

¬(A _ B) ` ¬B
(^I)

¬(A _ B) ` ¬A ^ ¬B
(!I)

` ¬(A _ B) ! ¬A ^ ¬B

¬A ^ ¬B, A _ B ` A _ B

¬A ^ ¬B, A _ B, A ` ¬A ^ ¬B
(^EL)

¬A ^ ¬B, A _ B, A ` ¬A ¬A ^ ¬B, A _ B, A ` A
(!E)

¬A ^ ¬B, A _ B, A ` ?

¬A ^ ¬B, A _ B, B ` ¬A ^ ¬B
(^ER)

¬A ^ ¬B, A _ B, B ` ¬B ¬A ^ ¬B, A _ B, B ` B
(!E)

¬A ^ ¬B, A _ B, B ` ?
(_E)

¬A ^ ¬B, A _ B ` ?
(!I)

¬A ^ ¬B ` ¬(A _ B)
(!I)

` ¬A ^ ¬B ! ¬(A _ B)
(^I)

` ¬(A _ B) $ ¬A ^ ¬B

4.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiT¬(A _ ¬A) ` ¬(A _ ¬A)

¬(A _ ¬A), A ` ¬(A _ ¬A)
¬(A _ ¬A), A ` A

(_IL)
¬(A _ ¬A), A ` A _ ¬A

(!E)
¬(A _ ¬A), A ` ?

(!I)
¬(A _ ¬A) ` ¬A

(_IR)
¬(A _ ¬A) ` A _ ¬A

(!E)
¬(A _ ¬A) ` ?

(!I)
` ¬¬(A _ ¬A)

5.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiTassume � : List Prop, ',  , # : Prop, d : NJ[�;' ^  ], e : NJ[�,', ;#]

prove � `NJ #

proof

e (!I)
�, ' `  ! #

(!I)
� ` '!  ! #

d (^EL)
� ` '

(!E)
� `  ! #

d (^ER)
� `  

(!E)
� ` #

6.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiT8 x. P x ^ Q x ` 8 x. P x ^ Q x

(8E)
8 x. P x ^ Q x ` P x ^ Q x

(^EL)
8 x. P x ^ Q x ` P x

(8I)
8 x. P x ^ Q x ` 8 x. P x

8 x. P x ^ Q x ` 8 x. P x ^ Q x

(8E)
8 x. P x ^ Q x ` P x ^ Q x

(^ER)
8 x. P x ^ Q x ` Q x

(8I)
8 x. P x ^ Q x ` 8 x. Q x

(^I)
8 x. P x ^ Q x ` (8 x. P x) ^ (8 x. Q x)

(!I)
` (8 x. P x ^ Q x) ! (8 x. P x) ^ (8 x. Q x)

(8 x. P x) ^ (8 x. Q x) ` (8 x. P x) ^ (8 x. Q x)
(^EL)

(8 x. P x) ^ (8 x. Q x) ` 8 x. P x

(8E)
(8 x. P x) ^ (8 x. Q x) ` P x

(8 x. P x) ^ (8 x. Q x) ` (8 x. P x) ^ (8 x. Q x)
(^ER)

(8 x. P x) ^ (8 x. Q x) ` 8 x. Q x

(8E)
(8 x. P x) ^ (8 x. Q x) ` Q x

(^I)
(8 x. P x) ^ (8 x. Q x) ` P x ^ Q x

(8I)
(8 x. P x) ^ (8 x. Q x) ` 8 x. P x ^ Q x

(!I)
` (8 x. P x) ^ (8 x. Q x) ! (8 x. P x ^ Q x)

(^I)
` (8 x. P x ^ Q x) $ (8 x. P x) ^ (8 x. Q x)

7.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiT(9 x. P x) ! Q, P x ` (9 x. P x) ! Q

(9 x. P x) ! Q, P x ` P x

(9I)
(9 x. P x) ! Q, P x ` 9 x. P x

(!E)
(9 x. P x) ! Q, P x ` Q

(!I)
(9 x. P x) ! Q ` P x ! Q

(8I)
(9 x. P x) ! Q ` 8 x. P x ! Q

(!I)
` ((9 x. P x) ! Q) ! 8 x. P x ! Q

8 x. P x ! Q, 9 x. P x ` 9 x. P x

8 x. P x ! Q, 9 x. P x, P x ` 8 x. P x ! Q

(8E)
8 x. P x ! Q, 9 x. P x, P x ` P x ! Q 8 x. P x ! Q, 9 x. P x, P x ` P x

(!E)
8 x. P x ! Q, 9 x. P x, P x ` Q

(9E)
8 x. P x ! Q, 9 x. P x ` Q

(!I)
8 x. P x ! Q ` (9 x. P x) ! Q

(!I)
` (8 x. P x ! Q) ! (9 x. P x) ! Q

(^I)
` ((9 x. P x) ! Q) $ (8 x. P x ! Q)

8.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiT9 x. P x, 8 x.¬(P x) ` 9 x. P x

9 x. P x, 8 x.¬(P x), P x ` 8 x. ¬(P x)
(8E)

9 x. P x, 8 x.¬(P x), P x ` ¬(P x) 9 x. P x, 8 x.¬(P x), P x ` P x

(!E)
9 x. P x, 8 x.¬(P x), P x ` ?

(9E)
9 x. P x, 8 x.¬(P x) ` ?

(!I)
9 x. P x ` ¬(8 x.¬(P x))

(!I)
` (9 x. P x) ! ¬(8 x.¬(P x))

9.

fr.chachatelier.pierre.LaTeXiTfr.chachatelier.pierre.LaTeXiTHA ` induction

x+zero⌘ x, x

HA ` additionZ (8E)
HA ` zero+ zero ⌘ zero

HA, x+ zero ⌘ x ` transitivity

(8E)
HA, x+ zero ⌘ x ` 8 y. 8 z. suc x+ zero ⌘ y ^ y ⌘ z ! suc x+ zero ⌘ z

(8E)
HA, x+ zero ⌘ x ` 8 z. suc x+ zero ⌘ suc (x+ zero) ^ suc (x+ zero) ⌘ z ! suc x+ zero ⌘ z

(8E)
HA, x+ zero ⌘ x ` suc x+ zero ⌘ suc (x+ zero) ^ suc (x+ zero) ⌘ suc x ! suc x+ zero ⌘ suc x

HA, x+ zero ⌘ x ` additionS

(8E)
HA, x+ zero ⌘ x ` 8 y. suc x+ y ⌘ suc (x+ y)

(8E)
HA, x+ zero ⌘ x ` suc x+ zero ⌘ suc (x+ zero)

HA, x+ zero ⌘ x ` congruence

(8E)
HA, x+ zero ⌘ x ` 8 y. x+ zero ⌘ y ! suc (x+ zero) ⌘ suc y

(8E)
HA, x+ zero ⌘ x ` x+ zero ⌘ x ! suc (x+ zero) ⌘ suc x HA, x+ zero ⌘ x ` x+ zero ⌘ x

(!E)
HA, x+ zero ⌘ x ` suc (x+ zero) ⌘ suc x

(^I)
HA, x+ zero ⌘ x ` suc x+ zero ⌘ suc (x+ zero) ^ suc (x+ zero) ⌘ suc x

(!E)
HA, x+ zero ⌘ x ` suc x+ zero ⌘ suc x

(!I)
HA ` x+ zero ⌘ x ! suc x+ zero ⌘ suc x

(8I)
HA ` 8 x. x+ zero ⌘ x ! suc x+ zero ⌘ suc x

(^I)
HA ` (zero+ zero ⌘ zero) ^ (8 x. x+ zero ⌘ x ! suc x+ zero ⌘ suc x)

(!E)
HA ` 8 x. x+ zero ⌘ x

10.
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