A-CALCULUS

PARAMETRIC POLYMORPHISM

(& 52iE Chen, Liang-Ting
Formosan Summer School on Logic, Language, and Computation 2026

Institute of Information Science
Academia Sinica



WHERE WE ARE

In the simply typed X-calculus, a term receives one type at a time. For example,
Ar.x:A— A

for each chosen type A.

This lecture asks what happens if a single program may be used uniformly at
every type.

Simply typed A-calculus one type at a time
Polymorphic A\-calculus one term for all types

The technical object is System F: simply typed \-calculus extended with
universal quantification over types.



POLYMORPHIC A-CALCULUS: STATIC



WHY POLYMORPHISM?

Many programs do not inspect the concrete type of their inputs.

Identity
1id:VX. X - X

should work at every type X.

First projection
proj, :vX.V¥. X =YV —» X

should ignore the second argument uniformly.

Church numerals
nat:=vxX. (X - X) - X - X

should iterate any endofunction on any carrier type.



WHAT CHANGED FROM SIMPLY TYPED A-CALCULUS?

System F adds two new constructs.

Introduction Elimination

term abstraction Az : A.t tu
type abstraction A\X.t¢ tA
A term of type
VX. A

is a program that can be instantiated at any type B:

tB: A[B/X].



TYPES

Fix a countably infinite set V of type variables. A type context A is a finite
sequence of distinct type variables.

Definition 1
The judgement A+ A : Type is defined inductively as follows.
XeA AFA:Type A+ B:Type

—— TVAR TFUN
AFX:Type AFA— B:Type

A XFEA:Type
AFVX.A:Type

TALL



FREE TYPE VARIABLES AND SUBSTITUTION

Free type variables are computed by

FV(A - B)=FV(4) UFV(B),
FV(VX.A) =FV(4) — {X}.

The type variable X is bound in VX. A.

Example 2

(VY.X - Y)[B/X]=VY.B—>Y
provided that Y ¢ FV(B).



TERMS

Definition 3
System F extends untyped terms with type abstraction and type application:
variable z € A,(V,V) ifz € V;
application t@Qu e A, (V,V) ift,u € A,(V,V);
abstraction A deA(V,V)ifzeV,Aisatype,andt € A, (V,V);
AX.teA(V,V)if X eVandte Ay (V,V);
tAe A, (V,V)ift e Ay(V,V)and A is a type.

Type abstraction abstracts over a type variable:

AX.t.



CONTEXTS AND JUDGEMENTS

System F has two contexts.

Type context
Ax=-|AX

records available type variables.

Term context
Fa=-|Tz:A

records available term variables and their types.

The main judgements are

AR A:Type and AT Ht: A

The judgement ¢ : A abbreviates ;- ¢ : A.



TYPING RULES

The typing rules for variables, abstraction, and application are inherited from
simply typed A-calculus with the additional type context A.

ATrg 4 Mroed

AFA:Type ATz :AHtE: B
AT HMNz:A).t: A= B

ATHt:A— B A;THu: A
A;THtu: B




POLYMORPHIC TYPING RULES

The new rules introduce and eliminate universal types.

AXTHt:A

ATFAX.t:VX. A 7 ntro

A;THE:VX. A AFB:Type
A;T'Ht B: AB/X]

V-elim

The side condition in V-introduction is carried by the type context: any
occurrence of X in A is bound by the introduced quantifier.



EXAMPLE: POLYMORPHIC IDENTITY

The polymorphic identity function is id := AX. A\ (z: X). z.

Its type is derivable as follows.

XFX:Type Xjz: Xbkx: X
X, FXMz:X)z: X=X
S FAX ANz X). 2 VX . X - X

Instantiation at a type A gives id A: A — A.

Exercise
Reduce the following term:

1d (A— A) (Mz:A).2).

What is its type?
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EXERCISES

Derive the following judgements.

1.
FAXAY. A2:X). Ay:Y).2: VX.VY. X 5 Y = X.

FAXA(F: X > X)) AMz: X). f(fz): VX. (X 5 X) > X - X.

3. Explain why a term of type VX. X — X cannot use any operation specific to
a particular type.

L



POLYMORPHIC A-CALCULUS: DYNAMICS
AND PROGRAMMING



REDUCTION

System F has the ordinary term-level 8-rule and a type-level S-rule.

(A= A).t) u — g t[u/z],
(AX.t) A — 4 t[A/X].

Example:

AX Az:X).2) Au—5 (Mz: X). 2)[A/X] u
=(Mz:A).2)u

—)B u.
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TYPE SAFETY AND NORMALISATION

The same structural proof pattern as in simply typed A-calculus extends to
System F.

Theorem 4 (Type safety)
IfA;T=t: Aandt — 5 u, then A;T = u = A,

Theorem 5 (Progress)
If ;- Ft: A, then either t is normal or there exists u such that t — ; u.

System F also enjoys strong normalisation: every well-typed reduction sequence
terminates. We state this theorem without proof.
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SUM TYPE

A binary sum can be encoded by asking the sum value how to eliminate itself.
Definition 6

A+B:=VX.(A—-X)—>(B—> X) > X.

Read this as:
To use an A + B, give a result type X, a case for A, and a case for B.

The injections are
lefty g = ANz: A) AX.ANf:A— X).\Ng:B— X). fz,
right, ,:=Ay:B).AX.A(f:A— X).Mg:B— X).gy.
Exercise

Define
either:vX.(A—-X)—-(B—-X)—>A+B— X. 1%



EMPTY TYPE

The polymorphic type
1l:=VvVX. X

behaves as an empty type: a closed term of this type would have to produce an
element of every type.

Exercise
Think informally about what a closed term of type V.X. X would have to do.

« It must work after X is instantiated with any type.
* It receives no term argument from which an X could be obtained.

+ So where could a value of the chosen type come from?

We will return to a parametricity argument for non-existence later.
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PRODUCT TYPE

A binary product can be encoded by asking the pair how to eliminate itself.

Definition 7

AxB:=VX.(A—-B—X)— X.

Pairing is

(= ap=AMz:A) My:B).AX.ANf:A—= B— X). fzy.
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Define
split:AxB—->VX.(A—-B—X)— X.

Then use it to define projections

proj,:AxB— A and proj,: Ax B — B.
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NATURAL NUMBERS |

Church numerals become a single closed polymorphic type:

nat :=vx. (X - X) - X - X.

Numerals
=X X 2 X) A X).
Successor
suc:=An:nat). AX.A(f: X - X). ANz: X). f (n X fx).
Fold

fold v = AX A(f: X = X). ANz:X). A(n:nat).n X f x.
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NATURAL NUMBERS |l

Addition and multiplication can be written directly:

add := A(m:nat). A\(n:nat) AX.Af: X - X). \Nz: X).m X f (n X fz),
mul := A(m:nat). A(n:nat) AX.A(f: X - X). Nz: X).mX (n X f) z.

Exercise
Rewrite add and mul using fold, ;.-
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LISTS

Lists over a type A are encoded by their fold operator.

Definition 8

list(A) =VX. X > (A—->X > X) > X.

Constructors:
Nil, = AX. ANz:X). AMc: A —> X = X). 2,
consy = ANx:A). A(zs: L1st(A)). AX. A (z: X). Mc: A= X = X).cx (xs X z ¢).

Exercise
Define
map : (A — B) — List(A) — list(B).
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REASONING WITH TYPES




WHAT CAN TYPES TELL?

Types rule out bad programs, but polymorphic types can also rule out many
seemingly possible behaviours.

In fact, types can be used to tell which functions are definable, and which
equations a term should satisfy at a given type.

For example, what can a closed term of each type do?

1. VX. X

2. VX. X - X

3.VX VY. X =Y =+ X
4. VX.X — nat

The informal answer is: a polymorphic program must act uniformly in the
unknown type. We first look at functions definable in simply typed \-calculus.
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A-DEFINABILITY IN SIMPLY TYPED A-CALCULUS |

EachtermI' - ¢ : A can be interpreted as a set-theoretic function
[] : [T] — [A].
Assign a set Oy to each type variable X € V, then extend it to all types:

[[Xﬂ = OX7
[A— B] = [A] — [B],

and to contexts:

[]={x},
[T,z A] =[]  [A].
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A-DEFINABILITY IN SIMPLY TYPED A-CALCULUS Il

The interpretation of terms is defined inductively, modulo a-equivalence:

[+ 2 : Al(p) = p(9),
[Crtus Bl(p) = [T+t 4 — BJ(o) (I F u Al(p)
[TFXe.t: A— B](p) = (v [Tx: A-t: B](p,v)).

Here p € [I'] is called an environment. For [ ¢ : A](x), we simply write [¢].

Definition 9

A set-theoretic function f : [A] — [B] is attype A — B if thereisa
closed termt: A — B such that f = [¢t].
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DEFINABILITY

Let there be one base type variable X, interpreted by

Oy = {t,f}.

The semantic function space contains four functions Oy — O:

1. identity: a - q;

2. constant true: a — t;

3. constant false: a — f;

4, negation: t+ fand fi— t.

The question is not whether these set-theoretic functions exist. They do. The
question is which of them are denotations of closed A-terms of type X — X.

24



WHY RELATIONS?

The set-theoretic interpretation tells us which functions exist.
But we want to know which functions are definable by programs.

Logical relations give a test:
A definable function must preserve every relation compatible with its

type.

To show that a set-theoretic function is not definable, find a relation that it fails
to preserve.

25



LOGICAL RELATION

ldea
If v, and v, are related, then a definable function must send them to related
outputs.

A family {R* C [A] x [A]} o.rype Of binary relations is if

RAZB(f1, fy) iff Vo, zy. RA(3),25) = RE(f1(z1), f2(y)).

N.B. A logical relation is determined by RX for type variables X.

26



What is RXX if ...

1. RX =g?
3. RX = {(t,0)}?

Let Oy = {t,f} and R¥ = {(f,1)}.

Which of the following functions preserve RX?
1. identity;
2. constant true;

3. constant false;

4. negation.

27



THE FUNDAMENTAL THEOREM OF LOGICAL RELATIONS

Theorem 10 (Fundamental Theorem of Logical Relations)

Let {R*} 4.1, be a logical relation. For every typing derivation ' - ¢ : A and
every pair of environments p,, p, € [I'] that are pointwise related, we have

RA([[F Ft: Al(py), [Tt A(py)).
Pointwise related means that R%i(p, (i), p,(i)) for every z, : A, € .

Proof sketch.
By induction on the typing derivation of I' - ¢ : A. O

In particular, R4 ([t], [t]) for any closed term ¢ of type A.

28



DEFINABILITY, REVISITED

Consider Oy = {t,f} and the logical relation determined by
RY = {(f,v)}.

Proof.
Suppose that the constant true function ¢,(x) = tis A-definable. Then there is
aclosed term ¢ : X — X with [t] = ¢.

By the fundamental theorem,

REX([], [eD)-
Since RX(f,t), the arrow clause gives

RE([e] (), [£](1)).

But [¢] is constant true, so this says R*¥(t,t), a contradiction. O
29



EXERCISES

1. Show that the constant function f(z) = f is not A-definable.

2. Show that the negation function — is not A\-definable.
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FROM LOGICAL RELATIONS TO PARAMETRICITY

For simply typed terms, logical relations tell us:

definable programs preserve relations.

For polymorphic terms, the relation for a type variable is not fixed.

X ~ anyrelation chosen by the user

Parametricity says that a polymorphic program must work uniformly for every
such choice.

31



NO SET-THEORETIC MODEL FOR POLYMORPHIC A-CALCULUS

We would like to apply the same approach to polymorphic A-calculus, but the
impredicative universal type makes the naive set-theoretic account circular:

1. the universal quantification VX. A is impredicative;

2. [VX. A] should depend on [A[B/X]] for every B: Type;

3. thisincludes the case B = VX. A itself.
In fact, Reynolds showed that polymorphism is not set-theoretic in classical set
theory, due to a cardinality obstruction [Reynolds, 1984].

Thus one has to use other models, constructive set theory [Pitts, 1987], or
weaker predicative versions of parametric polymorphism [Leivant, 1991].
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PARAMETRICITY IN POLYMORPHIC A-CALCULUS

Following Girard’s reducibility candidates [Girard et al., 1989], assume a set U/ of
relation candidates in some model. A family {RZ} o 4 is logical if

Rg(%aqu) iff (X)) (2, 2,),
R37B(f1, fo) ff Vo, ae RE(xy,25) = RE(fi(21), fo(y)),
RIXA(py,py) Iff YU €cU. RE. ..y (01 (U), po(0)).
Here ®: A — U/ maps type variables to relation candidates, and ®; X — U maps
X to U and maps every other variable Y to ®(Y").
If A is empty, the subscript @ in R} is omitted.

Theorem 11

The fundamental theorem holds for these logical relations. In particular,
RA([t], [t]) holds for every closed polymorphic term ¢ : A.
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EXAMPLE: VX. X

The type VX. X is not inhabited.
Suppose that - ¢ : VX. X. Then, by the fundamental theorem,
RYXX([t], [¢D)-
By the definition of the relation at a universal type, this means
YU € U. Ry Ly ([ED(V), [E)(D)),

or equivalently,
YU e U.U([t](U), [t](0)).

Choosing U to be the empty relation gives
([E10), [t1()) € &,
a contradiction. Hence there is no closed term of type VX. X.

34



Use parametricity to explain why every closed term of type
VX. X - X

behaves like the identity.

Hint: choose a relation containing exactly one pair (a, b).
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THEOREMS FOR FREE

Instantiate the relation candidate for X with the graph relation
R* ={(a, f(a)) | a € [A]}
for some function f: [A] — [B].
Applying the fundamental theorem yields, forany ¢ : VX.list(X) — list(X),

the commutative diagram

[t]a

[List(A)] 24 [list(A)]

map fl lmap f

[List(B)] - [List(B)]

N.B. The equation is derived in the working model, so it does not necessarily

imply =5 between A-terms.

This specialised form of the fundamental theorem is known as a free %
theorem [Wadler, 1989].



SUMMARY

1. System F adds type abstraction and type application to simply typed
A-calculus.

2. Universal types support uniform programs such as identity, projections, and
Church encodings.

3. Type safety and strong normalisation still hold.

4. Parametricity says that polymorphic programs preserve relations, which
gives equations ‘for free’ from types.

This is the point at which type theory begins to act not only as a discipline for
programs, but also as a method for reasoning about what programs can be.
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