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RECAP AND PLAN

In the previous lectures, we studied untyped 𝜆-calculus:

• 𝛽-reduction and evaluation strategies;
• encodings of data and recursion;
• confluence and normalisation.

Today we add types and study:

1. the simply typed 𝜆-calculus;
2. typed programming with Church encodings;
3. type safety: preservation and progress;
4. if time permits, extensions with general recursion and primitive data.
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SIMPLY TYPED 𝜆-CALCULUS:
INTRODUCTION



ADDING TYPES TO A LANGUAGE

Untyped 𝜆-calculus is expressive and computationally powerful, but it is difficult
to read programs from their syntax alone.

A function can be applied to any term: a Boolean encoding, a Church numeral,
another function, or a divergent term. As a programming language, the untyped
calculus does not make the programmer’s intention explicit.

We introduce a typing judgement

Γ ⊢ 𝑡 ∶ 𝐴,

meaning that the term 𝑡 has type 𝐴 under the assumptions in the context Γ.
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SIMPLY TYPED 𝜆-CALCULUS: STATICS



TYPES

Assume that 𝕍 is a set of type variables, distinct from term variables. We
suppress this distinction when it is clear from context.

Definition 1
The judgement 𝐴 ∶ Type is defined inductively as follows.

if 𝑋 ∈ 𝕍𝑋 ∶ Type
𝐴 ∶ Type 𝐵 ∶ Type

𝐴 → 𝐵 ∶ Type

We say that 𝐴 is a type if 𝐴 ∶ Type is derivable. The type 𝐴 → 𝐵 is the type of
functions from 𝐴 to 𝐵.
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HIGHER-ORDER FUNCTION TYPES

Function types are higher-order because

1. functions can be arguments of other functions;
2. functions can be returned as results.

For example,

(𝐴1 → 𝐴2) → 𝐵 is the type of functions whose argument has type 𝐴1 → 𝐴2;
𝐴1 → (𝐴2 → 𝐵) is the type of functions returning a function of type 𝐴2 → 𝐵.

Convention
Function types associate to the right:

𝐴1 → 𝐴2 → ⋯ → 𝐴𝑛 ⋅⋅= 𝐴1 → (𝐴2 → (⋯ → (𝐴𝑛−1 → 𝐴𝑛) ⋯)).
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CONTEXT

Definition 2
A typing context Γ is a sequence

Γ ≡ 𝑥1 ∶ 𝐴1, 𝑥2 ∶ 𝐴2, … , 𝑥𝑛 ∶ 𝐴𝑛

of distinct variables 𝑥𝑖 with types 𝐴𝑖.

Definition 3
The membership judgement Γ ∋ (𝑥 ∶ 𝐴) is defined inductively:

Γ, 𝑥 ∶ 𝐴 ∋ 𝑥 ∶ 𝐴
Γ ∋ 𝑥 ∶ 𝐴

Γ, 𝑦 ∶ 𝐵 ∋ 𝑥 ∶ 𝐴

We say that 𝑥 of type 𝐴 occurs in Γ if Γ ∋ (𝑥 ∶ 𝐴) is derivable.
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EXERCISE: TYPES AND CONTEXTS

Work out the following derivations.

1. Derive
𝑋 → 𝑌 → 𝑋 ∶ Type.

2. Let
Γ ≡ 𝑥 ∶ 𝐴, 𝑦 ∶ 𝐵, 𝑧 ∶ 𝐴 → 𝐵.

Which of the following membership judgements are derivable?

Γ ∋ 𝑥 ∶ 𝐴, Γ ∋ 𝑦 ∶ 𝐴, Γ ∋ 𝑧 ∶ 𝐴 → 𝐵.
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TYPING RULES: CURRY-STYLE SYSTEM

The implicit typing system for simply typed 𝜆-calculus is defined by the
following rules.

(var) if Γ ∋ (𝑥 ∶ 𝐴)Γ ⊢𝑖 𝑥 ∶ 𝐴

Γ, 𝑥 ∶ 𝐴 ⊢𝑖 𝑡 ∶ 𝐵
(abs)Γ ⊢𝑖 𝜆𝑥. 𝑡 ∶ 𝐴 → 𝐵

Γ ⊢𝑖 𝑡 ∶ 𝐴 → 𝐵 Γ ⊢𝑖 𝑢 ∶ 𝐴
(app)Γ ⊢𝑖 𝑡 𝑢 ∶ 𝐵

We say that 𝑡 is a closed typed term if ⊢𝑖 𝑡 ∶ 𝐴 is derivable for some type 𝐴.
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SYNTAX-DIRECTEDNESS

A typing system is syntax-directed if it has exactly one typing rule for each term
constructor.

Since this typing system is syntax-directed, every typing derivation can be
inverted.
Lemma 4 (Typing inversion)
Suppose that Γ ⊢𝑖 𝑡 ∶ 𝐴 is derivable.

𝑡 ≡ 𝑥 implies Γ ∋ (𝑥 ∶ 𝐴).
𝑡 ≡ 𝜆𝑥. 𝑡′ implies 𝐴 = 𝐵 → 𝐶 and Γ, 𝑥 ∶ 𝐵 ⊢𝑖 𝑡′ ∶ 𝐶 for some types 𝐵 and 𝐶 .

𝑡 ≡ 𝑢 𝑣 implies there is a type 𝐵 such that Γ ⊢𝑖 𝑢 ∶ 𝐵 → 𝐴 and Γ ⊢𝑖 𝑣 ∶ 𝐵.
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TYPING DERIVATION

For any types 𝐴 and 𝐵, the judgement

⊢𝑖 𝜆𝑥 𝑦. 𝑥 ∶ 𝐴 → 𝐵 → 𝐴

has the following derivation.

(var)𝑥 ∶ 𝐴, 𝑦 ∶ 𝐵 ⊢𝑖 𝑥 ∶ 𝐴
(abs)𝑥 ∶ 𝐴 ⊢𝑖 𝜆𝑦. 𝑥 ∶ 𝐵 → 𝐴
(abs)⊢𝑖 𝜆𝑥 𝑦. 𝑥 ∶ 𝐴 → 𝐵 → 𝐴

Therefore, 𝜆𝑥 𝑦. 𝑥 is a program of type 𝐴 → 𝐵 → 𝐴.
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EXERCISE: TYPING DERIVATION

Derive the typing judgement

⊢𝑖 𝜆𝑓 𝑔 𝑥. 𝑓 𝑥 (𝑔 𝑥) ∶ (𝐴 → 𝐵 → 𝐶) → (𝐴 → 𝐵) → 𝐴 → 𝐶

for arbitrary types 𝐴, 𝐵, and 𝐶 .

Hint: first derive the following judgements under the context
𝑓 ∶ 𝐴 → 𝐵 → 𝐶, 𝑔 ∶ 𝐴 → 𝐵, 𝑥 ∶ 𝐴:

𝑓 𝑥 ∶ 𝐵 → 𝐶, 𝑔 𝑥 ∶ 𝐵.
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TYPE EQUATIONS

When we try to assign a type to a term, the typing rules generate equality
constraints between types. We call these constraints type equations.

For example, to type an application 𝑡 𝑢, the function part must have a function
type:

Γ ⊢𝑖 𝑡 ∶ 𝐴 → 𝐵, Γ ⊢𝑖 𝑢 ∶ 𝐴.
If 𝑡 has already been assigned type 𝐶 , then we must solve

𝐶 = 𝐴 → 𝐵.

In simply typed 𝜆-calculus, types are finite trees built from type variables and →.
Thus an equation such as

𝐴 = 𝐴 → 𝐵
has no solution among simple types.
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EXERCISE: INVERSION AND NON-TYPABILITY

Use typing inversion to decide whether the following terms are typable.

1. 𝜆𝑥. 𝑥 𝑥
2. 𝜆𝑓 𝑥. 𝑓 𝑥
3. 𝜆𝑥 𝑦. 𝑥 (𝑦 𝑥)

For typable terms, give a possible type. For non-typable terms, identify the
unsolvable type equation that would be required.
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PROGRAMMING IN SIMPLY TYPED
𝜆-CALCULUS



CHURCH ENCODINGS OF NATURAL NUMBERS I

For any type 𝐴, define the Church-numeral type at 𝐴 by

nat𝐴 ⋅⋅= (𝐴 → 𝐴) → 𝐴 → 𝐴.

Church numerals

c𝑛 ⋅⋅= 𝜆𝑓 𝑥. 𝑓𝑛𝑥
⊢𝑖 c𝑛 ∶ nat𝐴

Successor

suc ⋅⋅= 𝜆𝑛 𝑓 𝑥. 𝑓 (𝑛 𝑓 𝑥)
⊢𝑖 suc ∶ nat𝐴 → nat𝐴
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CHURCH ENCODINGS OF NATURAL NUMBERS II

Addition

add ⋅⋅= 𝜆𝑛 𝑚 𝑓 𝑥. 𝑚 𝑓 (𝑛 𝑓 𝑥)
⊢𝑖 add ∶ nat𝐴 → nat𝐴 → nat𝐴

Multiplication

mul ⋅⋅= 𝜆𝑛 𝑚 𝑓 𝑥. 𝑚 (𝑛 𝑓) 𝑥
⊢𝑖 mul ∶ nat𝐴 → nat𝐴 → nat𝐴

Zero test

ifz ⋅⋅= 𝜆𝑛 𝑥 𝑦. 𝑛 (𝜆𝑧. 𝑦) 𝑥
⊢𝑖 ifz ∶ nat𝐴 → 𝐴 → 𝐴 → 𝐴
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EXERCISE: TYPING CHURCH PROGRAMS

Work in the simply typed 𝜆-calculus.

1. Show that
⊢𝑖 suc ∶ nat𝐴 → nat𝐴.

2. Show that
⊢𝑖 ifz ∶ nat𝐴 → 𝐴 → 𝐴 → 𝐴.

3. Check that
ifz c0 𝑡 𝑢 −↠𝛽 𝑡, ifz c𝑛+1 𝑡 𝑢 −↠𝛽 𝑢.
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CHURCH ENCODINGS OF BOOLEAN VALUES

For any type 𝐴, define
bool𝐴 ⋅⋅= 𝐴 → 𝐴 → 𝐴.

Boolean values
true ⋅⋅= 𝜆𝑥 𝑦. 𝑥 and false ⋅⋅= 𝜆𝑥 𝑦. 𝑦.

Conditional

cond ⋅⋅= 𝜆𝑏 𝑥 𝑦. 𝑏 𝑥 𝑦
⊢𝑖 cond ∶ bool𝐴 → 𝐴 → 𝐴 → 𝐴
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EXERCISE: TYPED BOOLEAN OPERATIONS

Define conjunction, disjunction, and negation in simply typed 𝜆-calculus.

1. Give terms for
and, or, not.

2. Check that the following judgements are derivable:

⊢𝑖 and ∶ bool𝐴 → bool𝐴 → bool𝐴,

⊢𝑖 or ∶ bool𝐴 → bool𝐴 → bool𝐴, ⊢𝑖 not ∶ bool𝐴 → bool𝐴.
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TYPE SAFETY



TYPE SAFETY = PRESERVATION + PROGRESS

“Well-typed programs cannot go wrong.”
– Milner, 1978

Preservation If Γ ⊢𝑖 𝑡 ∶ 𝐴 and 𝑡 ⟶𝛽 𝑢, then Γ ⊢𝑖 𝑢 ∶ 𝐴.
Progress If Γ ⊢𝑖 𝑡 ∶ 𝐴, then either 𝑡 is in normal form or there exists 𝑢 such

that 𝑡 ⟶𝛽 𝑢.

Preservation says that reduction does not change types. Progress says that a
well-typed term is never stuck except at a normal form.
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CONVERSE OF PRESERVATION

The converse of preservation does not hold: a reduct may be typable even when
the original term is not.

Lemma 5 (Typability of subterms)
If Γ ⊢𝑖 𝑡 ∶ 𝐴 is derivable, then every subterm of 𝑡 is typable under some context.

Let
K1 ⋅⋅= 𝜆𝑥 𝑦. 𝑥, I ⋅⋅= 𝜆𝑥. 𝑥, Ω ⋅⋅= (𝜆𝑥. 𝑥 𝑥) (𝜆𝑥. 𝑥 𝑥).

Then
K1 I Ω −↠𝛽 I.

The reduct I is typable, but Ω is not typable, so K1 I Ω is not typable.
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PRESERVATION THEOREM

We use two standard lemmas.

Weakening If Γ ⊢𝑖 𝑡 ∶ 𝐴 and 𝑥 ∉ dom(Γ), then Γ, 𝑥 ∶ 𝐵 ⊢𝑖 𝑡 ∶ 𝐴.
Substitution If Γ, 𝑥 ∶ 𝐴 ⊢𝑖 𝑡 ∶ 𝐵 and Γ ⊢𝑖 𝑢 ∶ 𝐴, then Γ ⊢𝑖 𝑡[𝑢/𝑥] ∶ 𝐵.

Theorem 6 (Preservation)
If Γ ⊢𝑖 𝑡 ∶ 𝐴 and 𝑡 ⟶𝛽 𝑢, then Γ ⊢𝑖 𝑢 ∶ 𝐴.

Proof sketch.
By induction on the derivations of Γ ⊢𝑖 𝑡 ∶ 𝐴 and 𝑡 ⟶𝛽 𝑢. The only interesting
case is the 𝛽-redex (𝜆𝑥. 𝑡′) 𝑢′, where the substitution lemma is needed.
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EXERCISE: PRESERVATION FOR THE 𝛽-CASE

Fill in the main case of the preservation proof.

Suppose
Γ ⊢𝑖 (𝜆𝑥. 𝑡) 𝑢 ∶ 𝐵 and (𝜆𝑥. 𝑡) 𝑢 ⟶𝛽 𝑡[𝑢/𝑥].

1. Use inversion to obtain a type 𝐴 such that

Γ ⊢𝑖 𝜆𝑥. 𝑡 ∶ 𝐴 → 𝐵, Γ ⊢𝑖 𝑢 ∶ 𝐴.

2. Use inversion again to obtain

Γ, 𝑥 ∶ 𝐴 ⊢𝑖 𝑡 ∶ 𝐵.

3. Apply substitution to conclude

Γ ⊢𝑖 𝑡[𝑢/𝑥] ∶ 𝐵.
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NORMAL AND NEUTRAL FORMS

To prove progress constructively, we use a syntactic characterisation of normal
forms.

Neutral 𝑥

Neutral 𝑡 Normal 𝑢
Neutral (𝑡 𝑢)

Neutral 𝑡
Normal 𝑡

Normal 𝑢
Normal (𝜆𝑥. 𝑢)

Neutral terms are variables applied to normal arguments. Normal terms are
either neutral terms or abstractions whose bodies are normal.
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EXERCISE: NORMAL AND NEUTRAL FORMS

Decide which of the following terms are neutral, normal, or reducible.

1. 𝑥
2. 𝑥 ((𝜆𝑦. 𝑦) 𝑧)
3. 𝜆𝑥. 𝑥 𝑦
4. (𝜆𝑥. 𝑥) 𝑦
5. 𝑥 (𝜆𝑦. 𝑦)

For each normal term, give a derivation of Normal 𝑡 or Neutral 𝑡.
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NORMAL-FORM CHARACTERISATION

Lemma 7 (Normal-form characterisation)
A term 𝑡 has no 𝛽-reduction if and only if Normal 𝑡 is derivable.

This lemma says that the inductive judgements Normal and Neutral exactly
capture the ordinary notion of having no 𝛽-redex.

We will use this characterisation in the proof of progress, but we will not prove
the lemma here.
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PROGRESS THEOREM

Theorem 8 (Progress)
If Γ ⊢𝑖 𝑡 ∶ 𝐴, then Normal 𝑡 or there exists 𝑢 such that 𝑡 ⟶𝛽 𝑢.

Proof sketch.
By induction on the derivation of Γ ⊢𝑖 𝑡 ∶ 𝐴.

The variable and abstraction cases produce normal forms. The application
case is the main case: if the function part reduces, the whole application
reduces; if the function part is an abstraction, there is a 𝛽-redex; otherwise the
application is neutral when its argument is normal.
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EXERCISE: PROGRESS FOR APPLICATIONS

Fill in the application case of the progress proof.

Suppose
Γ ⊢𝑖 𝑡 𝑢 ∶ 𝐵.

By inversion, for some type 𝐴,

Γ ⊢𝑖 𝑡 ∶ 𝐴 → 𝐵, Γ ⊢𝑖 𝑢 ∶ 𝐴.

Use the induction hypotheses for 𝑡 and 𝑢 to decide whether 𝑡 𝑢 is normal or
reducible. Pay special attention to the case where 𝑡 is an abstraction.
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TYPE SAFETY: SUMMARY

Preservation and progress are proved separately, but they work together.

Preservation Each reduction step keeps the same type.
Progress A well-typed term is either already normal or can take a reduction

step.

Hence evaluation of a well-typed term cannot get stuck because of a type error.
It either continues reducing while preserving its type, or it reaches a normal
form.
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STRONG NORMALISATION

Definition 9
A term 𝑡 is strongly normalising, written 𝑡 ⇓, if every reduction sequence
starting from 𝑡 terminates.

Theorem 10 (Strong normalisation)
Every typable term 𝑡 with Γ ⊢𝑖 𝑡 ∶ 𝐴 is strongly normalising.

This theorem is stronger than type safety. Type safety says that reduction does
not get stuck; strong normalisation says that, in the simply typed 𝜆-calculus,
reduction cannot continue forever.

We state this result without proof.
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OPTIONAL EXTENSIONS



GENERAL RECURSION: STATICS

The self-applicative term
𝜆𝑥. 𝑥 𝑥

is not typable in simply typed 𝜆-calculus: if 𝑥 ∶ 𝐴, then using 𝑥 as a function
applied to itself would require 𝐴 = 𝐴 → 𝐵 for some type 𝐵.

Hence the untyped 𝑌 combinator is not typable.

We can add general recursion explicitly by extending the term grammar with

fix 𝑓. 𝑡.

Γ, 𝑓 ∶ 𝐴 ⊢𝑖 𝑡 ∶ 𝐴
Γ ⊢𝑖 fix 𝑓. 𝑡 ∶ 𝐴
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GENERAL RECURSION: DYNAMICS

Reduction is extended with the rule

fix 𝑓. 𝑡 ⟶𝛽 𝑡[fix 𝑓. 𝑡/𝑓].

Non-terminating well-typed terms are now easy to define. For any type 𝐴,

⊢𝑖 fix𝑥. 𝑥 ∶ 𝐴.

Its reduction unfolds forever:

fix𝑥. 𝑥 ⟶𝛽 𝑥[fix𝑥. 𝑥/𝑥]
≡ fix𝑥. 𝑥
⟶𝛽 ⋯

Adding general recursion therefore destroys strong normalisation.
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EXERCISE: FIXED POINTS AND TYPE SAFETY

Work in the calculus extended with fix.

1. Derive
⊢𝑖 fix𝑥. 𝑥 ∶ 𝐴.

2. Evaluate the first three reduction steps of

fix𝑥. 𝑥.

3. Does preservation still hold for the fix reduction rule? Explain which
typing rule is used.

4. Does strong normalisation still hold?

31



NATURAL NUMBERS: STATICS

Church numerals have many possible types nat𝐴. Instead, we can extend the
calculus with a single primitive type of natural numbers.

Add terms:

• zero;
• suc(𝑡), if 𝑡 is a term;
• ifz(𝑡; 𝑥. 𝑢; 𝑣), if 𝑡, 𝑢, and 𝑣 are terms.

Add typing rules:

Γ ⊢𝑖 zero ∶ ℕ
Γ ⊢𝑖 𝑡 ∶ ℕ

Γ ⊢𝑖 suc(𝑡) ∶ ℕ
Γ ⊢𝑖 𝑣 ∶ ℕ Γ ⊢𝑖 𝑡 ∶ 𝐴 Γ, 𝑥 ∶ ℕ ⊢𝑖 𝑢 ∶ 𝐴

Γ ⊢𝑖 ifz(𝑡; 𝑥. 𝑢; 𝑣) ∶ 𝐴

The third rule is pattern matching on natural numbers.

32



NATURAL NUMBERS: DYNAMICS

Reduction for natural numbers is extended with two rules:

ifz(𝑡; 𝑥. 𝑢;zero) ⟶𝛽 𝑡
ifz(𝑡; 𝑥. 𝑢;suc(𝑛)) ⟶𝛽 𝑢[𝑛/𝑥].

Intuitively,
ifz(𝑡; 𝑥. 𝑢; 𝑣)

means: inspect 𝑣; if it is zero, return 𝑡; if it is suc(𝑛), bind 𝑛 to 𝑥 and return 𝑢.
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EXERCISE: PREDECESSOR

Define predecessor as a program

pred ∶ ℕ → ℕ.

Hint:
pred ⋅⋅= 𝜆𝑛.ifz(zero; 𝑥. 𝑥; 𝑛).

Evaluate the following terms to their normal forms.

1. pred zero
2. pred (suc(suc(suc(zero))))
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EXERCISE: PRIMITIVE BOOLEAN VALUES

Extend Λfix,ℕ(𝑉 ) further with a primitive Boolean type.

1. What term constructors should be added?
2. What typing rules should be added?
3. How should reduction be extended?
4. Define conjunction, disjunction, and negation in this extension.

Aim for a design with constructors

true, false,

and an eliminator analogous to pattern matching.
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IN-CLASS REVIEW EXERCISES

These exercises are for peer discussion.

1. Complete the application case of the Progress Theorem.
2. Show that if a term is in normal form, then Normal 𝑡 is derivable.
3. If time permits, extend the calculus with product types 𝐴 × 𝐵:

3.1 add terms for pairs;
3.2 add a pattern-matching eliminator;
3.3 write the typing rules;
3.4 write the reduction rule.
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